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eAbstra
tThe 
on
ept of the limiting step gives the limit simpli�
ation: the whole network behaves as a single step. This isthe most popular approa
h for model simpli�
ation in 
hemi
al kineti
s. However, in its elementary form this idea isappli
able only to the simplest linear 
y
les in steady states. For su
h the simplest 
y
les the nonstationary behaviouris also limited by a single step, but not the same step that limits the stationary rate. In this paper, we develop ageneral theory of stati
 and dynami
 limitation for all linear multis
ale networks. Our main mathemati
al tools areauxiliary dis
rete dynami
al systems on �nite sets and spe
ially developed algorithms of \
y
les surgery" for rea
tiongraphs. New estimates of eigenve
tors for diagonally dominant matri
es are used.Multis
ale ensembles of rea
tion networks with well separated 
onstants are introdu
ed and typi
al properties ofsu
h systems are studied. For any given ordering of rea
tion rate 
onstants the expli
it approximation of steadystate, relaxation spe
trum and related eigenve
tors (\modes") is presented. In parti
ular, we prove that for systemswith well separated 
onstants eigenvalues are real (damped os
illations are improbable). For systems with modularstru
ture, we propose the sele
tion of su
h modules that it is possible to solve the kineti
 equation for every modulein the expli
it form. All su
h \solvable" networks are des
ribed. The obtained multis
ale approximations, that we
all \dominant systems" are 
omputationally 
heap and robust. These dominant systems 
an be used for dire
t
omputation of steady states and relaxation dynami
s, espe
ially when kineti
 information is in
omplete, for designof experiments and mining of experimental data, and 
ould serve as a robust �rst approximation in perturbationtheory or for pre
onditioning.Key words: Rea
tion network, multis
ale ensemble, dominant system, multis
ale asymptoti
, model redu
tion, spe
tral gapPACS: 64.60.aq, 82.40.Qt, 82.39.Fk, 82.39.Rt 87.15.R-, 89.75.Fb1. Introdu
tionWhi
h approa
h to model redu
tion is the mostimportant? Population is not the ultimate judge,and popularity is not a s
ienti�
 
riterion, but \Vox� Corresponding author: Department of Mathemati
s, Uni-versity of Lei
ester, LE1 7RH, UKEmail addresses: ag153�le.a
.uk (A. N. Gorban ),ovidiu.radules
u�univ-rennes1.fr (O. Radules
u).
populi, vox Dei," espe
ially in the epo
h of 
itationindexes, impa
t fa
tors and bibliometri
s. Let us askGoogle. It gave on 31st De
ember 2006:{ for \quasi-equilibrium" { 301000 links;{ for \quasi steady state" 347000 and for \pseudosteady state" 76200, 423000 together;{ for our favorite \slowmanifold" (Gorban&Karlin(2005), Gorban &Karlin (2003)) 29800 links only,and for \invariant manifold" slightly more, 98100;Preprint submitted to Elsevier 20 November 2007



{ for su
h a framework topi
 as \singular perturba-tion" Google gave 361000 links;{ for \model redu
tion" even more, as we did ex-pe
t, 373000;{ but for \limiting step" almost two times more {714000!Our goal is the general theory of stati
 and dy-nami
 limitation for multis
ale networks. The 
on-
ept of the limiting step gives, in some sense, thelimit simpli�
ation: the whole network behaves as asingle step. As the �rst result of our paper we intro-du
e further detail in this idea: the whole networkbehaves as a single step in stati
s, and as anothersingle step in dynami
s: even for simplest 
y
les thestationary rate and the relaxation time to this sta-tionary rate are limited by di�erent rea
tion steps,and we des
ribe how to �nd these steps.The 
on
ept of limitation is very attra
tive bothfor theorists and experimentalists. It is very usefulto �nd 
onditions when a sele
ted rea
tion step be-
omes the limiting step. We 
an 
hange 
onditionsand study the network experimentally, step by step.It is very 
onvenient to model a system with lim-iting steps: the model is extremely simple and 
anserve as a very elementary building blo
k for furtherstudy of more 
omplex systems, a typi
al situationboth in industry and in systems biology.In the IUPAC Compendium of Chemi
al Termi-nology (2007) one 
an �nd two arti
les with a de�-nition of limitation.{ Rate-determining step (2007): Rate-determiningstep (rate-limiting step): \These terms are bestregarded as synonymous with rate-
ontrollingstep."{ Rate-
ontrolling step (2007): \A rate-
ontrolling(rate-determining or rate-limiting) step in a rea
-tion o

urring by a 
omposite rea
tion sequen
eis an elementary rea
tion the rate 
onstant forwhi
h exerts a strong e�e
t { stronger than thatof any other rate 
onstant { on the overall rate."It is not wise to obje
t to a de�nition and here wedo not obje
t, but, rather, 
omplement the de�ni-tion by additional 
omments. The main 
omment isthat usually when people are talking about limita-tion they expe
t signi�
antly more: there exists arate 
onstant whi
h exerts su
h a strong e�e
t onthe overall rate that the e�e
t of all other rate 
on-stants together is signi�
antly smaller. Of 
ourse,this is not yet a formal de�nition, and should be
omplemented by a de�nition of \e�e
t", for exam-ple, by \
ontrol fun
tion" identi�ed by derivativesof the overall rate of rea
tion, or by other overall

rate \sensitivity parameters" (Rate-
ontrolling step(2007)).For the IUPAC Compendium de�nition a rate-
ontrolling step always exists, be
ause among the
ontrol fun
tions generi
ally exists the biggest one.On the 
ontrary, for the notion of limitation that isused in pra
ti
e, there exists a di�eren
e betweensystems with limitation and systems without limi-tation.An additional problem arises: are systems with-out limitation rare or should they be treated equi-tably with limitation 
ases? The arguments in favorof limitation typi
ality are as follows: the real 
hem-i
al networks are very multis
ale with very di�erent
onstants and 
on
entrations. For su
h systems itis improbable to meet a situation with 
ompatiblee�e
ts of all di�erent stages. Of 
ourse, these argu-ments are statisti
al and apply to generi
 systemsfrom spe
ial ensembles.During last 
entury, the 
on
ept of the limitingstep was revised several times. First simple idea ofa \narrow pla
e" (a least 
ondu
tive step) 
ould beapplied without adaptation only to a simple 
y
leof irreversible steps that are of the �rst order (seeChap. 16 of the book Johnston (1966) or the paperof Boyd (1978)). When resear
hers try to apply thisidea in more general situations they meet variousdiÆ
ulties su
h as:{ Some rea
tions have to be \pseudomonomole
u-lar." Their 
onstants depend on 
on
entrations ofouter 
omponents, and are 
onstant only under
ondition that these outer 
omponents are presentin 
onstant 
on
entrations, or 
hange suÆ
ientlyslow. For example, the simplestMi
haelis{Mentenenzymati
 rea
tion is E + S ! ES ! E + P (Ehere stands for enzyme, S for substrate, and Pfor produ
t), and the linear 
atalyti
 
y
le here isS ! ES ! S. Hen
e, in general we must 
onsidernonlinear systems.{ Even under �xed outer 
omponents 
on
entra-tion, the simple \narrow pla
e" behaviour 
ouldbe spoiled by bran
hing or by reverse rea
tions.For su
h rea
tion systems de�nition of a limitingstep simply as a step with the smallest 
onstantdoes not work. The simplest example is given bythe 
y
le: A1 $ A2 ! A3 ! A1. Even if the 
on-stant of the last step A3 ! A1 is the smallest one,the stationary rate may be mu
h smaller than k3b(where b is the overall balan
e of 
on
entrations,b = 
1 + 
2 + 
3), if the 
onstant of the reverserea
tion A2 ! A1 is suÆ
iently big.2



In a series of papers, Northrop (1981, 2001)
learly explained these diÆ
ulties with many ex-amples based on the isotope e�e
t analysis andsuggested that the 
on
ept of rate{limiting step is\outmoded". Nevertheless, the main idea of limitingis so attra
tive that Northrop's arguments stimu-lated the sear
h for modi�
ation and improvementof the main 
on
ept.Ray (1983) proposed the use of sensitivity analy-sis. He 
onsidered 
y
les of reversible rea
tions andsuggested a de�nition: The rate{limiting step in area
tion sequen
e is that forward step for whi
h a
hange of its rate 
onstant produ
es the largest e�e
ton the overall rate. In his formal de�nition of sensi-tivity fun
tions the re
ipro
al rea
tion rate (1=W )and rate 
onstants (1=ki) were used and the 
on-ne
tion between forward and reverse step 
onstants(the equilibrium 
onstant) was kept �xed.Ray's approa
h was revised by Brown & Cooper(1993) from the system 
ontrol analysis point ofview (see the book of Cornish-Bowden & Cardenas(1990)). They stress again that there is no uniquerate{limiting step spe
i�
 for an enzyme, and thisstep, even if it exists, depends on substrate, prod-u
t and e�e
tor 
on
entrations. They demonstratedalso that the 
ontrol 
oeÆ
ientsCWki = � kiW �W�ki �[S℄;[P ℄;::: ;where W is the stationary rea
tion rate and ki are
onstants, are additive and obey the summation the-orems (as 
on
entrations do). A simple relation be-tween 
ontrol 
oeÆ
ients of rate 
onstants and in-termediate 
on
entrations was reported by Kholo-denko, Westerho�, & Brown (1994). This relation
onne
ts two type of experiments: measurement ofintermediate levels and steady{state rate measure-ments.For the analysis of nonlinear 
y
les the new 
on-
ept of kineti
 polynomial was developed (Yablon-skii, Lazman, & Bykov (1982); Lazman & Yablon-skii (1991)). It was proven that the stationary stateof the single-route rea
tion me
hanism of 
atalyti
rea
tion 
an be des
ribed by a single polynomialequation for the rea
tion rate. The roots of the ki-neti
 polynomial are the values of the rea
tion ratein the steady state. For a system with limiting stepthe kineti
 polynomial 
an be approximately solvedand the rea
tion rate found in the form of a seriesin powers of the limiting step 
onstant (Lazman &Yablonskii (1988)).

In our approa
h, we analyze not only the steadystate rea
tion rates, but also the relaxation dynam-i
s of multis
ale systems. We fo
used mostly on the
ase when all the elementary pro
esses have signi�-
antly di�erent time s
ales. In this 
ase, we obtain\limit simpli�
ation" of the model: all stationarystates and relaxation pro
esses 
ould be analyzed\to the very end", by straightforward 
omputations,mostly analyti
ally. Chemi
al kineti
s is an inex-haustible sour
e of examples of multis
ale systemsfor analysis. It is not surprising that many ideasand methods for su
h analysis were �rst invented for
hemi
al systems.In Se
. 2 we analyze a simple example and thesour
e of most generalizations, the 
atalyti
 
y
le,and demonstrate the main notions on this example.This analysis is quite elementary, but in
ludes manyideas elaborated in full in subsequent se
tions.There exist several estimates for relaxation timein 
hemi
al rea
tions (developed, for example, byCheresiz & Yablonskii (1983)), but even for the sim-plest 
y
le with limitation the main property of re-laxation time is not widely known. For a simple ir-reversible 
atalyti
 
y
le with limiting step the sta-tionary rate is 
ontrolled by the smallest 
onstant,but the relaxation time is determined by the se
ondin order 
onstant. Hen
e, if in the stationary rate ex-periments for that 
y
le we mostly extra
t the small-est 
onstant, in relaxation experiments another, these
ond in order 
onstant will be observed.It is also proven that for 
y
les with well separated
onstants damped os
illations are impossible, andspe
trum of the matrix of kineti
 
oeÆ
ients is real.For general rea
tion networks with well separated
onstants this property is proven in Se
. 4.Another general e�e
t observed for a 
y
le is ro-bustness of stationary rate and relaxation time. Formultis
ale systems with random 
onstants, the stan-dard deviation of 
onstants that determine station-ary rate (the smallest 
onstant for a 
y
le) or re-laxation time (the se
ond in order 
onstant) is ap-proximately n times smaller than the standard de-viation of the individual 
onstants (where n is the
y
le length). Here we deal with the so-
alled \orderstatisti
s". This de
rease of the deviation as n�1 ismu
h faster than for the standard error summation,where it de
reases with in
reasing n as n�1=2.In more general settings, robustness of the re-laxation time was studied by Gorban & Radules
u(2007) for 
hemi
al kineti
s models of geneti
 andsignalling networks. Gorban & Radules
u (2007)proved that for large multis
ale systems with hi-3



erar
hi
al distribution of time s
ales the varian
eof the inverse relaxation time (as well as the vari-an
e of the stationary rate) is mu
h lower than thevarian
e of the separate 
onstants. Moreover, it 
antend to 0 faster than 1=n, where n is the numberof rea
tions. It was demonstrated that similar phe-nomena are valid in the nonlinear 
ase as well. Asa numeri
al illustration we used a model of a sig-nalling network that 
an be applied to importanttrans
ription fa
tors su
h as NFkB.Ea
h multis
ale system is 
hara
terized by itsstru
ture (the system of elementary pro
esses) andby the rate 
onstants of these pro
esses. To makeany general statement about su
h systems when thestru
ture is given but the 
onstants are unknownit is useful to take the 
onstant set as random andindependent. But it is not obvious how to 
hose therandom distribution. The usual idea to take normalor uniform distribution meets obvious diÆ
ulties,the time s
ales are not suÆ
iently well separated.The statisti
al approa
h to 
hemi
al kineti
s wasdeveloped by Li, Rosenthal, & Rabitz (2001); Li,Wang, Rabitz, Wang, & Ja�e (2002), and high-dimensional model representations (HDMR) wereproposed as eÆ
ient tools to provide a fully globalstatisti
al analysis of a model. The work of Feng,Hooshangi, Chen, Li, Weiss, & Rabitz (2004) wasfo
used on how the network properties are a�e
tedby random rate 
onstant 
hanges. The rate 
on-stants were transformed to a logarithmi
 s
ale toensure an even distribution over the large spa
e.The log-uniform distribution on suÆ
iently wideinterval helps us to improve the situation, indeed,but a 
ouple of extra parameters appears: � =�min log k and � = max log k. We have to studythe asymptoti
s � ! �1, � ! 1. This approa
h
ould be formalized by means of the uniform invari-ant distributions of log k on Rn . These distributionsare �nite{additive, but not 
ountable{additive (not�-additive).The probability and measure theory without
ountable additivity has a long history. In Eu
lid'stime only arguments based on �nite{additive prop-erties of volume were legal. Eu
lid meant by equalarea the s
issors 
ongruent area. Two polyhedraare s
issors{
ongruent if one of them 
an be 
utinto �nitely many polyhedral pie
es whi
h 
an bere-assembled to yield the se
ond. But all proofs ofthe formula for the volume of a pyramid involvesome form of limiting pro
ess. Hilbert asked in histhird problem: are two Eu
lidean polyhedra of thesame volume s
issors 
ongruent? The answer is

\no" (a review of old and re
ent results is presentedby Neumann (1998)). There is another invariant of
utting and gluing polyhedra.Finite{additive invariant measures on non-
ompa
t groups were studied by Birkho� (1936)(see also the book of Hewitt & Ross (1963), Chap.4). The frequen
y{based Mises approa
h to prob-ability theory foundations (von Mises (1964)), aswell as logi
al foundations of probability by Carnap(1950) do not need �-additivity. Non-Kolmogorovprobability theories are dis
ussed now in the 
on-text of quantum physi
s (Khrennikov (2002)), non-standard analysis (Loeb (1975)) and many otherproblems (and we do not pretend provide here a fullreview of related works).We answer the question: What does it mean \topi
k a multis
ale system at random"? We introdu
eand analyze a notion of multis
ale ensemble of rea
-tion systems. These ensembles with well separatedvariables are presented in Se
. 3.The best geometri
 example that helps us to un-derstand this problem is one of Lewis Carroll's Pil-low Problems published in 1883 (Carroll (1958)):\Three points are taken at random on an in�niteplane. Find the 
han
e of their being the verti
es ofan obtuse-angled triangle." (In an a
ute-angled tri-angle all angles are 
omparable, in an obtuse-angledtriangle the obtuse angle is bigger than others and
ould be mu
h bigger.) The solution of this prob-lem depends signi�
antly on the ensemble de�nition.What does it mean \points are taken at random onan in�nite plane"? Our intuition requires translationinvarian
e, but the normalized translation invariantmeasure on the plain 
ould not be �-additive. Nev-ertheless, there exist �nite{additive invariant mea-sures.Lewis Carroll proposed a solution that did notsatisfy some of modern s
ientists. There exists alot of attempts to improve the problem statement(Guy (1993); Portnoy (1994); Eisenberg & Sullivan(1996); Falk& Samuel-Cahn (2001)): redu
tion fromin�nite plane to a bounded set, to a 
ompa
t sym-metri
 spa
e, et
. But the elimination of paradox de-stroys the essen
e of Carroll's problem. If we followthe paradox and try to give a meaning to \pointsare taken at random on an in�nite plane" then werepla
e �-additivity of the probability measure by�nite{additivity and 
ome to the applied probabilitytheory for �nite{additive probabilities. Of 
ourse,this theory for abstra
t probability spa
es would betoo poor, and some additional geometri
 and alge-brai
 stru
tures are ne
essary to build ri
h enough4



theory.This is not just a beautiful geometri
al problem,but rather an applied question about the proper def-inition of multis
ale ensembles. We need su
h a def-inition to make any general statement about mul-tis
ale systems, and brie
y analyze lessons of Car-roll's problem in Se
. 3.In this se
tion we use some mathemati
s to de�nethe multis
ale ensembles with well separated 
on-stants. This is ne
essary ba
kground for the analy-sis of systems with limitation, and te
hni
al 
onse-quen
es are rather simple. We need only two proper-ties of a typi
al system from the multis
ale ensemblewith well separated 
onstants:(i) Every two rea
tion rate 
onstants k, k0, are
onne
ted by the relation k � k0 or k � k0(with probability 
lose to 1);(ii) The �rst property persists (with probability
lose to 1), if we delete two 
onstants k, k0 fromthe list of 
onstants, and add a number kk0 ora number k=k0 to that list.If the reader 
an use these properties (when it is ne
-essary) without additional 
lari�
ation, it is possibleto skip reading Se
. 3 and go dire
tly to more ap-plied se
tions. In. Se
. 4 we study stati
 and dynami
properties of linear multis
ale rea
tion networks. Animportant instrument for that study is a hierar
hyof auxiliary dis
rete dynami
al system. Let Ai benodes of the network (\
omponents"), Ai ! Aj beedges (rea
tions), and kji be the 
onstants of theserea
tions (please pay attention to the inverse orderof subs
ripts). A dis
rete dynami
al system � is amap that maps any node Ai in a node A�(i). To 
on-stru
t a �rst auxiliary dynami
al system for a givennetwork we �nd for ea
hAi the maximal 
onstant ofrea
tions Ai ! Aj : k�(i)i � kji for all j, and �(i) =i if there are no rea
tions Ai ! Aj . Attra
tors inthis dis
rete dynami
al system are 
y
les and �xedpoints.The fast stage of relaxation of a 
omplex rea
tionnetwork 
ould be des
ribed as mass transfer fromnodes to 
orrespondent attra
tors of auxiliary dy-nami
al system and mass distribution in the attra
-tors. After that, a slower pro
ess of mass redistribu-tion between attra
tors should play a more impor-tant role. To study the next stage of relaxation, weshould glue 
y
les of the �rst auxiliary system (ea
h
y
le transforms into a point), de�ne 
onstants ofthe �rst derivative network on this new set of nodes,
onstru
t for this new network a (�rst) auxiliary dis-
rete dynami
al system, et
. The pro
ess terminateswhen we get a dis
rete dynami
al system with one

attra
tor. Then the inverse pro
ess of 
y
le restora-tion and 
utting starts. As a result, we 
reate anexpli
it des
ription of the relaxation pro
ess in therea
tion network, �nd estimates of eigenvalues andeigenve
tors for the kineti
 equation, and providefull analysis of steady states for systems with wellseparated 
onstants.The problem of multis
ale asymptoti
s of eigen-values of non-selfadjoint matri
es was studied byVishik & Ljusternik (1960) and Lidskii (1965). Re-
ently, some generalizations were obtained by idem-potent (min-plus) algebra methods (Akian, Bapat,& Gaubert (2004)). These methods provide a natu-ral language for dis
ussion of some multis
ale prob-lems (Litvinov & Maslov (2005)). In the Vishik{Ljusternik{Lidskii theorem and its generalizationsthe asymptoti
s of eigenvalues and eigenve
tors forthe family of matri
es Aij(�) = aij�Aij + o(�Aij ) isstudied for � > 0, �! 0.In the 
hemi
al rea
tion networks that we study,there is no small parameter � with a given distribu-tion of the orders �Aij of the matrix nodes. Instead ofthese powers of �we have orderings of rate 
onstants.On the other hand, the matri
es of kineti
 equationshave some spe
i�
 properties. The possibility to op-erate with the graph of rea
tions (
y
les surgery) sig-ni�
antly helps in our 
onstru
tions. Nevertheless,there exists some similarity between these problemsand, even for general matri
es, graphi
al represen-tation is useful. The language of idempotent alge-bra (Litvinov & Maslov (2005)), as well as nonstan-dard analysis with in�nitisemals (Albeverio, Fen-stad, Hoegh-Krohn, & Lindstrom (1986)), 
an beused for des
ription of the multis
ale rea
tion net-works, but now we postpone this for later use.We summarize results of relaxation analysis anddes
ribe the algorithm of approximation of steadystate and relaxation in Subse
. 4.3. After that, sev-eral examples of networks are analyzed. In Se
. 5we illustrate the analysis of dominant systems ona simple example, the reversible triangle of rea
-tions: A1 $ A2 $ A3 $ A1. This simplest examplebe
ame very popular for the lumping analysis 
asestudy after the well known work of Wei & Prater(1962). The most important mathemati
al proofsare presented in the appendi
es.In multis
ale asymptoti
 analysis of rea
tion net-work we found several very attra
tive zero-one laws.First of all, 
omponents eigenve
tors are 
lose to 0or �1. This law together with two other zero-onelaws are dis
ussed in Se
. 6: \Three zero-one lawsand nonequilibrium phase transitions in multis
ale5



systems."A multis
ale system where every two 
onstantshave very di�erent orders of magnitude is, of 
ourse,an idealization. In parametri
 families of multis
alesystems there 
ould appear systems with several
onstants of the same order. Hen
e, it is ne
essaryto study e�e
ts that appear due to a group of 
on-stants of the same order in amultis
ale network. Thesystem 
an have modular stru
ture, with di�erenttime s
ales in di�erent modules, but without sepa-ration of times inside modules. We dis
uss systemswith modular stru
ture in Se
. 7. The full theory ofsu
h systems is a 
hallenge for future work, and herewe study stru
ture of one module. The elementarymodules have to be solvable. That means that thekineti
 equations 
ould be solved in expli
it analyti-
al form. We give the ne
essary and suÆ
ient 
ondi-tions for solvability of rea
tion networks. These 
on-ditions are presented 
onstru
tively, by algorithm ofanalysis of the rea
tion graph.It is ne
essary to repeat our study for nonlinearnetworks. We dis
uss this problem and perspe
tiveof its solution in the 
on
luding Se
. 8. Here we againuse the experien
e summarized in the IUPAC Com-pendium (Rate-
ontrolling step (2007)) where thenotion of 
ontrolling step is generalized onto non-linear elementary rea
tion by in
lusion of some 
on-
entration into \pseudo-�rst order rate 
onstant".2. Stati
 and dynami
 limitation in a linear
hain and a simple 
atalyti
 
y
le2.1. Linear 
hainA linear 
hain of rea
tions, A1 ! A2 ! :::An,with rea
tion rate 
onstants ki (for Ai ! Ai+1),gives the �rst example of limitation. Let the rea
-tion rate 
onstant kq be the smallest one. Then weexpe
t the following behaviour of the rea
tion 
hainin time s
ale � 1=kq: all the 
omponents A1; :::Aq�1transform fast into Aq , and all the 
omponentsAq+1; :::An�1 transform fast into An, only two 
om-ponents, Aq and An are present (
on
entrations ofother 
omponents are small) , and the whole dy-nami
s in this time s
ale 
an be represented by asingle rea
tion Aq ! An with rea
tion rate 
on-stant kq . This pi
ture be
omes more exa
t when kqbe
omes smaller with respe
t to other 
onstants.The kineti
 equation for the linear 
hain is_
i = ki�1
i�1 � ki
i; (1)

where 
i is 
on
entration of Ai and ki�1 = 0 for i =1. The 
oeÆ
ient matrixK of this equations is verysimple. It has nonzero elements only on the maindiagonal, and one position below. The eigenvaluesof K are �ki (i = 1; :::n � 1) and 0. The left andright eigenve
tors for 0 eigenvalue, l0 and r0, are:l0 = (1; 1; :::1); r0 = (0; 0; :::0; 1); (2)all 
oordinates of l0 are equal to 1, the only nonzero
oordinate of r0 is r0n and we represent ve
tor{
olumn r0 in row.Below we use expli
it form of K left and righteigenve
tors. Let ve
tor{
olumn ri and ve
tor{rowli be right and left eigenve
tors of K for eigenvalue�ki. For 
oordinates of these eigenve
tors we usenotation rij and lij . Let us 
hoose a normalization
ondition rii = lii = 1. It is straightforward to 
he
kthat rij = 0 (j < i) and lij = 0 (j > i), rij+1 =kjrj=(kj+1 � ki) (j � i) and lij�1 = kj�1lj=(kj�1 �kj) (j � i), andrii+m = mYj=1 ki+j�1ki+j � ki ; lii�m = mYj=1 ki�jki�j � ki : (3)It is 
onvenient to introdu
e formally k0 = 0. Undersele
ted normalization 
ondition, the inner produ
tof eigenve
tors is: lirj = Æij , where Æij is the Kro-ne
ker delta.If the rate 
onstants are well separated (i.e., anytwo 
onstants, ki, kj are 
onne
ted by relation ki �kj or ki � kj ,ki�jki�j � ki � � 1; if ki � ki�j ;0; if ki � ki+j ; (4)Hen
e, jlii�mj � 1 or jlii�mj � 0. To demonstratethat also jrii+mj � 1 or jrii+mj � 0, we shift nomina-tors in the produ
t (3) on su
h a way:rii+m = kiki+m � ki m�1Yj=1 ki+jki+j � ki :Exa
tly as in (4), ea
h multiplierki+j=(ki+j � ki)here is either almost 1 or almost 0, andki=(ki+m � ki)is either almost 0 or almost �1. In this zero-oneasymptoti
s6



lii =1; lii�m � 1if ki�j > ki for all j = 1; : : :m; else lii�m � 0;rii =1; rii+m � �1if ki+j > ki for all j = 1; : : :m� 1and ki+m < ki; else rii+m � 0: (5)In this asymptoti
, only two 
oordinates of righteigenve
tor ri 
an have nonzero values, rii = 1 andrii+m � �1 wherem is the �rst su
h positive integerthat i + m < n and ki+m < ki. Su
h m alwaysexists be
ause kn = 0. For left eigenve
tor li, lii �: : : lii�q � 1 and lii�q�j � 0 where j > 0 and q isthe �rst su
h positive integer that i � q � 1 > 0and ki�q�1 < ki. It is possible that su
h q doesnot exist. In that 
ase, all lii�j � 1 for j � 0. Itis straightforward to 
he
k that in this asymptoti
lirj = Æij .The simplest example gives the order k1 � k2 �::: � kn�1: lii�j � 1 for j � 0, rii = 1, rii+1 � �1and all other 
oordinates of eigenve
tors are 
lose tozero. For the inverse order, k1 � k2 � ::: � kn�1,lii = 1, rii = 1, rin � �1 and all other 
oordinates ofeigenve
tors are 
lose to zero.For less trivial example, let us �nd the asymptoti
of left and right eigenve
tors for a 
hain of rea
tions:A1!5 A2!3 A3!4 A4!1 A5!2 A6;where the upper index marks the order of rate 
on-stants: k4 � k5 � k2 � k3 � k1 (ki is the rate
onstant of rea
tion Ai ! :::).For left eigenve
tors, rows li, we have the followingasymptoti
s:l1 � (1; 0; 0; 0; 0; 0); l2 � (0; 1; 0; 0; 0; 0);l3 � (0; 1; 1; 0; 0; 0); l4 � (0; 0; 0; 1; 0; 0);l5 � (0; 0; 0; 1; 1; 0): (6)For right eigenve
tors, 
olumns ri, we have thefollowing asymptoti
s (we write ve
tor-
olumns inrows):r1 � (1; 0; 0; 0; 0;�1); r2 � (0; 1;�1; 0; 0; 0);r3 � (0; 0; 1; 0; 0;�1); r4 � (0; 0; 0; 1;�1; 0);r5 � (0; 0; 0; 0; 1;�1): (7)The 
orrespondent approximation to the general so-lution of the kineti
 equations is:
(t) = (l0
(0))r0 + n�1Xi=1 (li
(0))ri exp(�kit); (8)

where 
(0) is the initial 
on
entration ve
tor, andfor left and right eigenve
tors li and ri we use theirzero-one asymptoti
.Asymptoti
 formulas allow us to transformkineti
matrixK to a matrix with value of diagonal element
ould not be smaller than the value of any elementfrom the 
orrespondent 
olumn and row.Let us represent the kineti
 matrix K in the ba-sis of approximations to eigenve
tors (7). The trans-formed matrix is eKij = liKrj (i; j = 0; 1; :::5):
K = 26666666666664

�k1 0 0 0 0 0k1 �k2 0 0 0 00 k2 �k3 0 0 00 0 k3 �k4 0 00 0 0 k4 �k5 00 0 0 0 k5 0
37777777777775 ;

eK = 26666666666664
0 0 0 0 0 00 �k1 0 0 0 00 k1 �k2 0 0 00 k1 k3 �k3 0 00 0 �k3 k3 �k4 00 0 �k3 k3 �k5 �k5

37777777777775 :
(9)

The transformed matrix has an important propertyj eKij j � minfj eKiij; j eKjj jg:The initial matrix K is diagonally dominant in
olumns, but its rows 
an in
lude elements thatare mu
h bigger than the 
orrespondent diagonalelements.We mention that a naive expe
tation eKij � Æijis not realisti
: some of the nondiagonal matrix ele-ments eKij are of the same order thanminf eKii; eKjjg.This example demonstrates that a good approxima-tion to an eigenve
tor 
ould be not an approximateeigenve
tor. If Ke = �e and ke � fk is small thenf is an approximation to eigenve
tor e. If Kf � �f(i.e. kKf � �fk is small), then f is an approximateeigenve
tor for eigenvalue �. Our kineti
 matrix Kis very ill{
onditioned. Hen
e, nobody 
an guaran-tee that an approximation to eigenve
tor is an ap-proximate eigenve
tor, or, inverse, an approximateeigenve
tor (a \quasimode") is an approximation toan eigenve
tor.The question is, what do we need for approxima-tion of the relaxation pro
ess (8). The answer is ob-7



vious: for approximation of general solution (8) withguaranteed a

ura
y we need approximation to thegenuine eigenve
tors (\modes") with the same a
-
ura
y. The zero-one asymptoti
 (5) gives this ap-proximation. Below we always �nd the modes ap-proximations and not quasimodes.2.2. General properties of a 
y
leThe 
atalyti
 
y
le is one of the most importantsubstru
tures that we study in rea
tion networks. Inthe redu
ed form the 
atalyti
 
y
le is a set of linearrea
tions: A1 ! A2 ! : : : An ! A1:Redu
ed form means that in reality some of theserea
tion are not monomole
ular and in
lude someother 
omponents (not from the listA1; : : : An). Butin the study of the isolated 
y
le dynami
s, 
on
en-trations of these 
omponents are taken as 
onstantand are in
luded into kineti
 
onstants of the 
y
lelinear rea
tions.For the 
onstant of elementary rea
tion Ai ! weuse the simpli�ed notation ki be
ause the produ
tof this elementary rea
tion is known, it is Ai+1 fori < n and A1 for i = n. The elementary rea
tionrate is wi = ki
i, where 
i is the 
on
entration ofAi. The kineti
 equation is:_
i = wi�1 � wi; (10)where by de�nition w0 = wn. In the stationary state( _
i = 0), all the wi are equal: wi = w. This 
ommonrate w we 
all the 
y
le stationary rate, andw = b1k1 + : : : 1kn ; 
i = wki ; (11)where b =Pi 
i is the 
onserved quantity for rea
-tions in 
onstant volume (for general 
ase of 
hem-i
al kineti
 equations see elsewhere, for example,the book by Yablonskii, Bykov, Gorban, & Elokhin(1991)). The stationary rate w (11) is a produ
t ofthe arithmeti
 mean of 
on
entrations, b=n, and theharmoni
 mean of 
onstants (inversemean of inverseki).2.3. Stati
 limitation in a 
y
leIf one of the 
onstants, kmin, is mu
h smaller thanothers (let it be kmin = kn), then


n = b 1�Xi<n knki + o Xi<n knki !! ;
i = b knki + o Xi<n knki !! ;w = knb 1 +O Xi<n knki !! ; (12)or simply in linear approximation
n = b 1�Xi<n knki ! ; 
i = bknki ; w = knb; (13)where we should keep the �rst{order terms in 
n inorder not to violate the 
onservation law.The simplest zero order approximation for thesteady state gives
n = b; 
i = 0 (i 6= n): (14)This is trivial: all the 
on
entration is 
olle
ted atthe starting point of the \narrow pla
e", but may beuseful as an origin point for various approximationpro
edures.So, the stationary rate of a 
y
le is determinedby the smallest 
onstant, kmin, if kmin is suÆ
ientlysmall: w = kminb if Xki 6=kmin kminki � 1: (15)In that 
ase we say that the 
y
le has a limiting stepwith 
onstant kmin.2.4. Dynami
al limitation in a 
y
leIf kn=ki is small for all i < n, then the kineti
 be-haviour of the 
y
le is extremely simple: the 
oeÆ-
ients matrix on the right hand side of kineti
 equa-tion (10) has one simple zero eigenvalue that 
orre-sponds to the 
onservation lawP 
i = b and n � 1nonzero eigenvalues�i = �ki + Æi (i < n): (16)where Æi ! 0 whenPi<n knki ! 0.It is easy to demonstrate (16): let us ex
lude the
onservation law (the zero eigenvalue)P 
i = b anduse independent 
oordinates 
i (i = 1; : : : n � 1);
n = b �Pi<n 
i. In these 
oordinates the kineti
equation (10) has the form_
 = K
� knA
+ knbe1 (17)where 
 is the ve
tor{
olumn with 
omponents 
i(i < n),K is the lower triangle matrix with nonzero8



elements only in two diagonals: (K)ii = �ki (i =1; : : : n � 1), (K)i+1; i = ki (i = 1; : : : n � 2) (thisis the kineti
 matrix for the linear 
hain of n � 1rea
tions A1 ! A2 ! :::An); A is the matrix withnonzero elements only in the �rst row: (A)1i � 1, e1is the �rst basis ve
tor (e11 = 1, e1i = 0 for 1 < i < n).After that, eq. (16) follows simply from 
ontinuousdependen
e of spe
tra on matrix.The relaxation time of a stable linear system (17)is, by de�nition,� = [minfRe(��i) j i = 1; : : : n� 1g℄�1:For small kn,� � 1=k� ; k� = minfki j i = 1; : : : n� 1g: (18)In other words, k� is the se
ond slowest rate 
on-stant: kmin � k� � ::: .2.5. Relaxation equation for a 
y
le rateA de�nition of the 
y
le rate is 
lear for steadystates be
ause stationary rates of all elementary re-a
tions in 
y
le 
oin
ide. There is no 
ommon def-inition of the 
y
le rate for nonstationary regimes.In pra
ti
e, one of steps is the step of produ
t re-lease (the \�nal" step of the 
atalyti
 transforma-tion), and we 
an 
onsider its rate as the rate of the
y
le. Formally, we 
an take any step and study re-laxation of its rate to the 
ommon stationary rate.The single relaxation time approximation gives forrate wi of any step:_wi = k� (kminb� wi);wi(t) = kminb+ e�k� t(wi(0)� kminb); (19)where kmin is the limiting (the minimal) rate 
on-stant of the 
y
le, k� is the se
ond in order rate 
on-stant of the 
y
le.So, for 
atalyti
 
y
les with the limiting 
onstantkmin, the relaxation time is also determined by one
onstant, but another one. This is k� , the se
ondin order rate 
onstant. It should be stressed thatthe only smallness 
ondition is required, kmin shouldbe mu
h smaller than other 
onstants. The se
ond
onstant, k� should be just smaller than others (andbigger than kmin), but there is no � 
ondition fork� required.One of the methods for measurement of 
hemi-
al rea
tion 
onstants is the relaxation spe
tros
opy(Eigen (1972)). Relaxation of a system after an im-pa
t gives us a relaxation time or even a spe
trum ofrelaxation times. For 
atalyti
 
y
le with limitation,

the relaxation experiment gives us the se
ond 
on-stant k� , while the measurement of stationary rategives the smallest 
onstant, kmin. This simple re-mark may be important for relaxation spe
tros
opyof open system.2.6. Ensembles of 
y
les and robustness ofstationary rate and relaxation timeLet us 
onsider a 
atalyti
 
y
le with random rate
onstants. For a given sample 
onstants k1; : : : knthe ith order statisti
s is equal its ith-smallest value.We are interested in the �rst order (the minimal)and the se
ond order statisti
s.For independent identi
ally distributed 
onstantsthe varian
e of kmin = minfk1; : : : kng is signi�-
antly smaller then the varian
e of ea
h ki, Var(k).The same is true for statisti
 of every order. Formany important distributions (for example, foruniform distribution), the varian
e of ith orderstatisti
 is of order � Var(k)=n2. For big n it goesto zero faster than varian
e of the mean that is oforder � Var(k)=n. To illustrate this, let us 
onsidern 
onstants distributed in interval [a; b℄. For ea
hset of 
onstants, k1; : : : kn we introdu
e \symmetri

oordinates" si: �rst, we order the 
onstants, a �ki1 � ki2 � : : : kin � b, then 
al
ulate s0 = ki1 � a,sj = kij+1 � kij (j = 1; : : : n � 1), sn = b � kin .Transformation (k1; : : : kn) 7! (s0; : : : sn) mapsa 
ube [a; b℄n onto n-dimensional simplex �n =f(s0; : : : sn) j Pi si = b � ag and uniform distribu-tion on a 
ube transforms into uniform distributionon a simplex.For large n, almost all volume of the simplex is
on
entrated in a small neighborhood of its 
enterand this e�e
t is an example of measure 
on
en-tration e�e
ts that play important role in moderngeometry and analysis (Gromov (1999)). All si areidenti
ally distributed, and for normalized variables = si=(b�a) the �rst moments are: E(s) = 1=(n+1) = 1=n + o(1=n), E(s2) = 2=[(n + 1)(n + 2)℄ =2=n2 + o(1=n2),Var(s) =E(s2)� (E(s))2= n(n+ 1)2(n+ 2) = 1n2 + o� 1n2� :Hen
e, for example, Var(kmin) = (b � a)2=n2 +o(1=n2). The standard deviation of kmin goes tozero as 1=n when n in
reases. This is mu
h fasterthan 1=pn pres
ribed to the deviation of the meanvalue of independent observation (the \law of er-9



rors"). The same asymptoti
 � 1=n is true for thestandard deviation of the se
ond 
onstant also.These parameters 
u
tuate mu
h less than individ-ual 
onstants, and even less than mean 
onstant(for more examples with appli
ations to statisti
alphysi
s we address to the paper by Gorban (2006)).It is impossible to use this observation for 
y-
les with limitation dire
tly, be
ause the inequal-ity of limitation (15) is not true for uniform distri-bution. A

ording to this inequality, ratios ki=kminshould be suÆ
iently small (if ki 6= kmin). To pro-vide this inequality we need to use at least the log-uniform distribution: ki = exp�i and �i are inde-pendent variables uniformly distributed in interval[�; �℄ with suÆ
iently big (� � �)=n.One 
an interpret the log-uniform distributionthrough the Arrhenius law: k = A exp(��G=kT ),where �G is the 
hange of the Gibbs free energyinrea
tion (it in
ludes both energeti
 and entropi
terms: �G = �H � T�S, where �H is enthalpy
hange and �S is entropy 
hange in rea
tion, T istemperature). The log-uniform distribution of k 
or-responds to the uniform distribution of �G.For log-uniform distribution of 
onstants k1; : : :kn, if the interval of distribution is suÆ
iently big(i.e. (� � �)=n � 1), then the 
y
le with these
onstants has the limiting step with probability
lose to one. More pre
isely we 
an show that forany two 
onstants ki; kj the probability P[ki=kj >r or kj=ki > r℄ = (1� log(r)=(� � �))2 approa
hesone for any �xed r > 1 when � � � ! 1. Re-laxation time of this 
y
le is determined by these
ond 
onstant k� (also with probability 
lose toone). Standard deviations of kmin and k� are mu
hsmaller than standard deviation of single 
onstantki and even smaller than standard deviation of mean
onstantPi ki=n. This e�e
t of stationary rate andrelaxation time robustness seems to be importantfor understanding robustness in bio
hemi
al net-works: behaviour of the entire system is mu
h morestable than the parameters of its parts; even forlarge 
u
tuations of parameters, the system doesnot 
hange signi�
antly the stationary rate (stati
s)and the relaxation time (dynami
s).2.7. Systems with well separated 
onstants andmonotone relaxationThe log-uniform identi
al distribution of indepen-dent 
onstants k1; : : : kn with suÆ
iently big inter-val of distribution ((���)=n� 1) gives us the �rst

example of ensembles with well separated 
onstants:any two 
onstants are 
onne
ted by relation � or� with probability 
lose to one. Su
h systems (notonly 
y
les, but mu
h more 
omplex networks too)
ould be studied analyti
ally \up to the end".Some of their properties are simpler than for gen-eral networks. For example, the damping os
illationsare impossible, i.e. the eigenvalues of kineti
 matrixare real (with probability 
lose to one). If 
onstantsare not separated, damped os
illations 
ould exist,for example, if all 
onstants of the 
y
le are equal,k1 = k2 = : : : = kn = k, then (1 + �=k)n = 1 and�m = k(exp(2�im=n) � 1) (m = 1; : : : n � 1), the
ase m = 0 
orresponds to the linear 
onservationlaw. Relaxation time of this 
y
le may be relativelybig: � = 1k (1�
os(2�=n))�1 � n2=(2�k) (for big n).The 
atalyti
 
y
le without limitation 
an haverelaxation timemu
h bigger then 1=kmin, where kminis the minimal rea
tion rate 
onstant. For example,if all k are equal, then for n = 11 we get � � 20=k.In more detail the possible relations between � andthe slowest 
onstant were dis
ussed by Yablonskii& Cheresiz (1984). In that paper, a variety of 
aseswith di�erent relationships between the steady-staterea
tion rate and relaxation was presented.For 
atalyti
 
y
le, if a matrixK�knA (17) has apair of 
omplex eigenvalues with nonzero imaginarypart, then for some g 2 [0; 1℄ the matrix K � gknAhas a degenerate eigenvalue (we use a simple 
on-tinuity argument). With probability 
lose to one,kmin � jki � kj j for any two ki; kj that are notminimal. Hen
e, the kmin-small perturbation 
an-not transform matrix K with eigenvalues ki (16)and given stru
ture into a matrix with a degenerateeigenvalue. For proof of this statement it is suÆ
ientto refer to diagonal dominan
e of K (the absolutevalue of ea
h diagonal element is greater than thesum of the absolute values of the other elements inits 
olumn) and 
lassi
al inequalities.The matrix elements of A in the eigenbasis ofK are (A)ij = liArj . From obtained estimates foreigenve
tors we get j(A)ij j . 1 (with probability
lose to one). This estimate does not depend onvalues of kineti
 
onstants. Now, we 
an apply theGershgorin theorem (see, for example, the reviewof Mar
us & Min
 (1992) and for more details thebook of Varga (2004)) to the matrixK�knA in theeigenbasis ofK: the 
hara
teristi
 roots of K� knAbelong to dis
s jz + kij � knRi(A), where Ri(A) =Pj j(A)ij j. If the dis
s do not interse
t, then ea
h ofthem 
ontains one and only one 
hara
teristi
 num-ber. For ensembles with well separated 
onstants10



these dis
s do not interse
t (with probability 
loseto one). Complex 
onjugate eigenvalues 
ould notbelong to di�erent dis
s. In this 
ase, the eigenval-ues are real { there exist no damped os
illations.2.8. Limitation by two steps with 
omparable
onstantsIf we 
onsider one-parametri
 families of systems,then appearan
e of systems with two 
omparable
onstants may be unavoidable. Let us imagine a 
on-tinuous path ki(s) (s 2 [0; 1℄, s is a parameter alongthe path) in the spa
e of systems, whi
h goes fromone system with well separated 
onstants (s = 0) toanother su
h system (s = 1). On this path ki(s) su
ha point s that ki(s) = kj(s) may exist, and this ex-isten
e may be stable, that is, su
h a point persistsunder 
ontinuous perturbations. This means that ona path there may be points where not all the 
on-stants are well separated, and traje
tories of some
onstants may interse
t.For 
atalyti
 
y
le, we are interested in the follow-ing interse
tion only: kmin and the se
ond 
onstantare of the same order, and are mu
h smaller thanother 
onstants. Let these 
onstants be kj and kl,j 6= l. The limitation 
ondition is1kj + 1kl �Xi6=j;l 1ki : (20)The steady state rea
tion rate and relaxation timeare determined by these two 
onstants. In that 
asetheir e�e
ts are 
oupled. For the steady state we getin �rst order approximation instead of (13):w = kjklkj + kl b; 
i = wki = bki kjklkj + kl (i 6= j; l);
j = bklkj + kl 0�1�Xi6=j;l 1ki kjklkj + kl1A ;
l = bkjkj + kl 0�1�Xi6=j;l 1ki kjklkj + kl1A : (21)Elementary analysis shows that under the limitation
ondition (20) the relaxation time is� = 1kj + kl : (22)The single relaxation time approximation for allelementary rea
tion rates in a 
y
le with two limit-ing rea
tions is

_wi = kjklb� (kj + kl)wi;wi(t) = kjklkj + kl b+ e�(kj+kl)t�wi(0)� kjklkj + kl b� :(23)The 
atalyti
 
y
le with two limiting rea
tions hasthe same stationary rate w (21) and relaxation time(22) as a reversible rea
tion A $ B with k+ = kj ,k� = kl.In two-parametri
 families three 
onstants 
anmeet. If three smallest 
onstants kj ; kl; km have 
om-parable values and are mu
h smaller than others,then stati
 and dynami
 properties would be deter-mined by these three 
onstants. Stationary rate wand dynami
 of relaxation for the whole 
y
le wouldbe the same as for 3-rea
tion 
y
le A ! B ! C !A with 
onstants kj ; kl; km. The damped os
illationhere are possible, for example, if kj = kl = km = k,then there are 
omplex eigenvalues� = k(� 32�ip32 ).Therefore, if a 
y
le manifests damped os
illation,then at least three slowest 
onstants are of the sameorder. The same is true, of 
ourse, for more generalrea
tion networks.InN -parametri
 families of systemsN+1 smallest
onstants 
anmeet, and near su
h a \meeting point"a slow auxiliary 
y
le of N +1 rea
tions determinesbehaviour of the entire 
y
le.2.9. Irreversible 
y
le with one inverse rea
tionIn this subse
tion, we represent a simple examplethat gives the key to most of subsequent 
onstru
-tions of \
y
les surgery". Let us add an inverse re-a
tion to the irreversible 
y
le: A1 ! ::: ! Ai $Ai+1 ! ::: ! An ! A1. We use the previous no-tation k1; :::kn for the 
y
le rea
tions, and k�i forthe inverse rea
tion Ai  Ai+1. For well-separated
onstants, in
uen
e of k�i on the whole rea
tion isdetermined by relations of three 
onstants: ki, k�iand ki+1. First of all, if k�i � ki+1 then in the mainorder there is no su
h in
uen
e, and dynami
 of the
y
le is the same as for 
ompletely irreversible 
y
le.If the opposite inequality is true, k�i � ki+1,then equilibration between Ai and Ai+1 giveski
ix � k�i 
i+1. If we introdu
e a lumped 
ompo-nent A1i with 
on
entration 
1i = 
i + 
i+1, then
i � k�i 
1i =(ki+ k�i ) and 
i+1 � ki
1i =(ki+ k�i ). Us-ing this 
omponent instead of the pair Ai; Ai+1 we
an 
onsider an irreversible 
y
le with n � 1 
om-ponents and n rea
tions A1 ! ::: ! Ai�1 ! A1i !Ai+2 ! ::: ! An ! A1. To estimate the rea
tionrate 
onstant k1i for a new rea
tion, A1i ! Ai+2,11



let us mention that the 
orrespondent rea
tion rateshould be ki+1
i+1 � ki+1ki
1i =(ki + k�i ). Hen
e,k1i � ki+1ki=(ki + k�i ):For systems with well separated 
onstants this ex-pression 
an be simpli�ed: if ki � k�i then k1i � ki+1and if ki � k�i then k1i � ki+1ki=k�i . The �rst 
ase,ki � k�i is limitation in the small 
y
le (of lengthtwo) Ai $ Ai+1 by the inverse rea
tion Ai  Ai+1.The se
ond 
ase, ki � k�i , means the the dire
t re-a
tion is the limiting step in this small 
y
le.In order to estimate eigenve
tors, we 
an, afteridenti�
ation of the limiting step in the small 
y
le,delete this step and reatta
h the outgoing rea
tionto the beginning of this step. For the �rst 
ase, ki �k�i , we get the irreversible 
y
le, A1 ! ::: ! Ai !Ai+1 ! :::! An ! A1, with the same rea
tion rate
onstants. For the se
ond 
ase, ki � k�i we get a newsystem of rea
tions: a shortened 
y
le A1 ! ::: !Ai ! Ai+2 ! ::: ! An ! A1 and an \appendix"Ai+1 ! Ai. For the new elementary rea
tion Ai !Ai+2 the rea
tion rate 
onstant is k1i � ki+1ki=k�i .All other elementary rea
tions have the same rate
onstants, as they have in the initial system. Afterdeletion of the limiting step from the \big 
y
le"A1 ! ::: ! Ai ! Ai+2 ! ::: ! An ! A1, weget an a
y
li
 system that approximate relaxationof the initial system.So, in
uen
e of a single inverse rea
tion on theirreversible 
atalyti
 
y
le with well-separated 
on-stants is determined by relations of three 
onstants:ki, k�i and ki+1. If k�i is mu
h smaller than at leastone of ki, ki+1, then there is no in
uen
e in the mainorder. If k�i � ki and k�i � ki+1 then the relax-ation of the initial 
y
le 
an be approximated by re-laxation of the auxiliary a
y
li
 system.Asymptoti
 equivalen
e (for k�i � ki; ki+1) ofthe rea
tion network Ai $ Ai+1 ! Ai+2 with rate
onstants ki, k�i and ki+1 to the rea
tion networkAi+1 ! Ai ! Ai+2 with rate 
onstants k�i (for therea
tion Ai+1 ! Ai) and ki+1ki=k�i (for the rea
-tion Ai ! Ai+2) is simple, but slightly surprisingfa
t. The kineti
 matrix for the �rst network in 
o-ordinates 
i; 
i+1; 
i+2 isK = 26664�ki k�i 0ki �(k�i + ki+1) 00 ki+1 037775The eigenvalues are 0 and

�1;2 = 12�� (ki + k�i + ki+1)�q(ki + k�i + ki+1)2 � 4kiki+1 �;�1 = �ki+1ki(1 + o(1))=k�i , �2 = �k�i (1 + o(1)),where o(1)� 1. Right eigenve
tor r0 for zero eigen-value is (0; 0; 1) (we write ve
tor 
olumns in rows).For �1 the eigenve
tor is r1 = (1; 0;�1) + o(1), andfor �2 it is r2 = (1;�1; 0)+o(1). For the linear 
hainof rea
tions, Ai+1 ! Ai ! Ai+2, with rate 
on-stants k�i and ki+1ki=k�i eigenvalues are �k�i and�ki+1ki=k�i . These values approximate eigenvaluesof the initial system with small relative error. Thelinear 
hain has the same zero-one asymptoti
 of the
orrespondent eigenve
tors.This 
onstru
tion, a small 
y
le inside a big sys-tem, a quasi steady state in the small 
y
le, anddeletion of the limiting step with reatta
hing of rea
-tions (see Fig. 1 below) appears in this paper manytimes in mu
h general settings. The uniform esti-mates that we need for approximation of eigenvaluesand eigenve
tors by these pro
edures are proven inAppendi
es.3. Multis
ale ensembles and �nite{additivedistributions3.1. Ensembles with well separated 
onstants,formal approa
hIn previous se
tion, ensembles with well separated
onstants appear. We represented them by a log-uniform distribution in a suÆ
iently big intervallog k 2 [�; �℄, but we were not interested in mostof probability distribution properties, and did notuse them. The only property we really used is: ifki > kj , then ki=kj � 1 (with probability 
lose toone). It means that we 
an assume that ki=kj � afor any preassigned value of a that does not dependon k values. One 
an interpret this property as anasymptoti
 one for �! �1, � !1.That property allows us to simplify algebrai
 for-mulas. For example, ki+ kj 
ould be substituted bymaxfki; kjg (with small relative error), oraki + bkj
ki + dkj � � a=
; if ki � kj ;b=d; if ki � kj ;for nonzero a; b; 
; d (see, for example, (4)).Of 
ourse, some ambiguity 
an be introdu
ed, forexample, what is it, (k1+k2)�k1, if k1 � k2? If we�rst simplify the expression in bra
kets, it is zero,12



but if we open bra
kets without simpli�
ation, it isk2. This is a standard diÆ
ulty in use of relative er-rors for round-o�. If we estimate the error in the �nalanswer, and then simplify, we shall avoid this diÆ-
ulty. Use of o and O symbols also helps to 
ontrolthe error qualitatively: if k1 � k2, then we 
an write(k1 + k2) = k1(1 + o(1)), and k1(1 + o(1)) � k1 =k1o(1). The last expression is neither zero, nor abso-lutely small { it is just relatively small with respe
tto k1.The formal approa
h is: for any ordering of rate
onstants, we use relations � and �, and assumethat ki=kj � a for any preassigned value of a thatdoes not depend on k values. This approa
h allowsus to perform asymptoti
 analysis of rea
tion net-works. A spe
ial version of this approa
h 
onsists ofgroup ordering: 
onstants are separated on severalgroups, inside groups they are 
omparable, and be-tween groups there are relations� or�. An exam-ple of su
h group ordering was dis
ussed at the endof previous se
tion (several limiting 
onstants in a
y
le).3.2. Probability approa
h: �nite additive measuresThe asymptoti
 analysis of multis
ale systems forlog-uniform distribution of independent 
onstantson an interval log k 2 [�; �℄ (�; � !1) is possible,but parameters �; � do not present in any answer,they just should be suÆ
iently big. A natural ques-tion arises, what is the limit? It is a log-uniform dis-tribution on a line, or, for n independent identi
allydistributed 
onstants, a log-uniform distribution onRn ).It is well known that the uniform distribution onRn is impossible: if a 
ube has positive probabil-ity � > 0 (i.e. the distribution has positive density)then the union of N > 1=� su
h disjoint 
ubes hasprobability bigger than 1 (here we use the �nite{additivity of probability). This is impossible. But ifthat 
ube has probability zero, then the whole spa
ehas also zero probability, be
ause it 
an be 
overedby 
ountable family of the 
ube translation. Hen
e,translation invarian
e and �-additivity (
ountableadditivity) are in 
ontradi
tion (if we have no doubtabout probability normalization).Nevertheless, there exists �nite{additive proba-bility whi
h is invariant with respe
t to Eu
lideangroup E(n) (generated by rotations and transla-tions). Its values are densities of sets.Let D � Rn be a Lebesgue measurable subset.

Density of D is the limit (if it exists):�(D) = limr!1 �(D \ Bnr )�(Bnr ) ; (24)where Bnr is a ball with radius r and 
entre at origin.Density of Rn is 1, density of every half{spa
e is 1/2,density of bounded set is zero, density of a 
one is itssolid angle (measured as a sphere surfa
e fra
tionalarea). Density (24) and translation and rotationalinvariant. It is �nite-additive: if densities �(D) and�(H) (24) exist andD\H = ? then �(D[H) existsand �(D [H) = �(D) + �(H).Every polyhedron has a density. A polyhedron
ould be de�ned as the union of a �nite number of
onvex polyhedra. A 
onvex polyhedron is the inter-se
tion of a �nite number of half-spa
es. It may bebounded or unbounded. The family of polyhedra is
losed with respe
t to union, interse
tion and sub-tra
tion of sets. For our goals, polyhedra form suÆ-
iently ri
h 
lass. It is important that in de�nition ofpolyhedron �nite interse
tions and unions are used.If one uses 
ountable unions, he gets too many setsin
luding all open sets, be
ause open 
onvex poly-hedra (or just 
ubes with rational verti
es) form abasis of standard topology.Of 
ourse, not every measurable set has density. Ifit is ne
essary, we 
an use theHahn{Bana
h theoremand study extensions �Ex of � with the followingproperty: �(D) � �Ex(D) � �(D);where �(D) = limr!1inf �(D \ Bnr )�(Bnr ) ;�(D) = limr!1sup �(D \ Bnr )�(Bnr ) :Fun
tionals �(D) and �(D) are de�ned for all mea-surable D. We should stress that su
h extensionsare not unique. Extension of density (24) using theHahn{Bana
h theorem for pi
king up a random in-teger was used in a very re
ent work by Adamaszek(2006).One of the most important 
on
epts of any prob-ability theory is the 
onditional probability. In thedensity{based approa
h we 
an introdu
e the 
on-ditional density. If densities �(D) and �(H) (24) ex-ist, �(H) 6= 0 and the following limit �(DjH) exists,then we 
all it 
onditional density:�(DjH) = limr!1 �(D \H \ Bnr )�(H \ Bnr ) : (25)13



For polyhedra the situation is similar to usual prob-ability theory: densities �(D) and �(H) always existand if �(H) 6= 0 then 
onditional density exists too.For general measurable sets the situation is not sosimple, and existen
e of �(D) and �(H) 6= 0 doesnot guarantee existen
e of �(DjH).On a line, 
onvex polyhedra are just intervals, �-nite or in�nite. The probability de�ned on polyhe-dra is: for �nite intervals and their �nite unions it iszero, for half{lines x > � or x < � it is 1/2, and forthe whole lineR the probability is 1. If one takes a setof positive probability and adds or subtra
ts a zero{probability set, the probability does not 
hange.If independent random variables x and y are uni-formly distributed on a line, then their linear 
ombi-nation z = �x+�y is also uniformly distributed ona line. (Indeed, ve
tor (x; y) is uniformly distributedon a plane (by de�nition), a set z > 
 is a half-plane,the 
orrespondent probability is 1/2.) This is a sim-ple, but useful stability property. We shall use thisresult in the following form. If independent randomvariables k1; : : : kn are log-uniformly distributed ona line, then the monomial Qni=1 k�ii for real �i isalso log-uniformly distributed on a line, if some of�i 6= 0.3.3. Carroll's obtuse problem and paradoxes of
onditioningLewis Carroll's Pillow Problem #58 (Carroll(1958)): \Three points are taken at random on anin�nite plane. Find the 
han
e of their being theverti
es of an obtuse{angled triangle."A random triangle on an in�nite plane is presentedby a point equidistributed in R6 . Due to the den-sity { based de�nition, we should take and 
al
ulatethe density of the set of obtuse{angled triangles inR6 . This is equivalent to the problem: �nd a fra
tionof the sphere S5 � R6 that 
orresponds to obtuse{angled triangles. Just integrate... . But there re-mains a problem. Verti
es of triangle are indepen-dent. Let us use the standard logi
 for dis
ussion ofindependent trials: we take the �rst point A at ran-dom, then the se
ond point B, and then the thirdpoint C. Let us draw the �rst side AB. Immediatelywe �nd that for almost all positions of the the thirdpoint C the triangle is obtuse{angled (Guy (1993)).L. Carroll proposed to take another 
ondition: letAB be the longest side and let C be uniformly dis-tributed in the allowed area. The answer then is easy{ just a ratio of areas of two simple �gures. But there

are absolutely no reasons for uniformity of C dis-tribution. And it is more important that the abso-lutely standard reasoning for independently 
hosenpoints gives another answer than 
ould be found onthe base of joint distribution. Why these approa
hesare in disagreement now? Be
ause there is no 
lassi-
al Fubini theorem for our �nite{additive probabil-ities, and we 
annot easily transfer from a multipleintegral to a repeated one.There exists a mu
h simpler example. Let x andy be independent positive real number. This meansthat ve
tor (x; y) is uniformly and independentlydistributed in the �rst quadrant.What is probabilitythat x � y? Following the de�nition of probabilitybased on the density of sets, we take the 
orrespon-dent angle and �nd immediately that this probabil-ity is 1/2. This meets our intuition well. But let ustake the �rst number x and look for possible valuesof y. The result: for given x the se
ond number yis uniformly distributed on [0;1), and only a �niteinterval [0; x℄ 
orresponds to x � y. For the in�niterest we have x < y. Hen
e, x < y with probabil-ity 1. This is nonsense be
ause of symmetry. So, forour �nite{additive measure we 
annot use repeatedintegrals (or, may be, should use them in a very pe-
uliar manner).3.4. Law of total probability and orderingsFor polyhedra, there appear no 
onditioning prob-lems. The law of total probabilities holds: if Rn =[mi=1Hi, Hi are polyhedra, �(Hi) > 0, �(Hi \Hj) =0 for i 6= j, and D � Rn is a polyhedron, then�(D) = mXi=1 �(D \Hi) = mXi=1 �(DjHi)�(Hi): (26)Our basi
 example of multis
ale ensemble is log-uniform distribution of rea
tion 
onstants in Rn+(log ki are independent and uniformly distributed onthe line). For every ordering kj1 > kj2 > : : : > kjna polyhedral 
one Hj1j2:::jn in Rn is de�ned. These
ones have equal probabilities �(Hj1j2:::jn) = 1=n!and probability of interse
tion of 
ones for di�erentorderings is zero. Hen
e, we 
an apply the law of to-tal probability (26). This means that we 
an studyevery event D 
onditionally, for di�erent orderings,and then 
ombine the results of these studies in the�nal answer (26).For example, if we study a simple 
y
le then for-mula (13) for steady state is valid with any given a
-14




ura
y with unite probability for any ordering withthe given minimal element kn.For 
y
le with given ordering of 
onstants we 
an�nd zero-one approximation of left and right eigen-ve
tors (5). This approximation is valid with anygiven a

ura
y for this ordering with unite proba-bility.If we 
onsider suÆ
iently wide log-uniform distri-bution of 
onstants on a bounded interval instead ofthe in�nite axis then these statements are true withprobability 
lose to 1.For general system that we study below the situ-ation is slightly more 
ompli
ated: new terms, aux-iliary rea
tions with monomial rate 
onstants k& =Qi k&ii 
ould appear with integer (but not ne
essarypositive) &i, and we should in
lude these k& in or-dering. It follows from stability property that thesemonomials are log-uniform distributed on in�niteinterval, if ki are. Therefore the situation seems tobe similar to ordering of 
onstants, but there is a sig-ni�
ant di�eren
e: monomials are not independent,they depend on ki with &i 6= 0.Happily, in the forth
oming analysis when we in-
lude auxiliary rea
tions with 
onstant k& , we al-ways ex
lude at least one of rea
tions with rate 
on-stant ki and &i 6= 0. Hen
e, for we always 
an use thefollowing statement (for the new list of 
onstants,or for the old one): if kj1 > kj2 > : : : > kjn thenkj1 � kj2 � : : : � kjn , where a � b for positivea; bmeans: for any given " > 0 the inequality "a > bholds with unite probability.If we use suÆ
iently wide but �nite log-uniformdistribution then " 
ould not be arbitrarily small(this depends on the interval with), and probabilityis not unite but 
lose to one. For given " > 0 prob-ability tends to one when the interval width goes toin�nity. It is important that we use only �nite num-ber of auxiliary rea
tions with monomial 
onstants,and this number is bounded from above for givennumber of elementary rea
tions. For 
ompleteness,we should mention here general algebrai
 theory oforderings that is ne
essary in more sophisti
ated
ases (Robbiano (1985); Greuel & P�ster (2002)).

4. Relaxation of multis
ale networks andhierar
hy of auxiliary dis
rete dynami
alsystems4.1. De�nitions, notations and auxiliary results4.1.1. NotationsIn this Se
., we 
onsider a general network of lin-ear (monomole
ular) rea
tions. This network is rep-resented as a dire
ted graph (digraph): verti
es 
or-respond to 
omponents Ai, edges 
orrespond to re-a
tions Ai ! Aj with kineti
 
onstants kji > 0. Forea
h vertex, Ai, a positive real variable 
i (
on
en-tration) is de�ned. A basis ve
tor ei 
orresponds toAi with 
omponents eij = Æij , where Æij is the Kro-ne
ker delta. The kineti
 equation for the system isd
idt =Xj (kij
j � kji
i); (27)or in ve
tor form: _
 = K
.To write another form of (27) we use stoi
hiomet-ri
 ve
tors: for a rea
tion Ai ! Aj the stoi
hiomet-ri
 ve
tor 
ji is a ve
tor in 
on
entration spa
e withith 
oordinate �1, jth 
oordinate 1, and zero other
oordinates. The rea
tion rate wji = kji
i. The ki-neti
 equation has the formd
dt =Xi;j wji
ji; (28)where 
 is the 
on
entration ve
tor. One more formof (27) des
ribes dire
tly dynami
s of rea
tion rates:dwjidt �= kji d
idt � = kjiXl (wil � wli): (29)It is ne
essary to mention that, in general, system(29) is not equivalent to (28), be
ause there are ad-ditional 
onne
tions between variables wji. If thereexists at least one Ai with two di�erent outgoingrea
tions, Ai ! Aj and Ai ! Al (j 6= l), thenwji=wli � kji=kli. If the rea
tion network generatesa dis
rete dynami
al system Ai ! Aj on the set ofAi (see below), then the variables wji are indepen-dent, and (29) gives equivalent representation of ki-neti
s.For analysis of kineti
 systems, linear 
onserva-tion laws and positively invariant polyhedra are im-portant. A linear 
onservation law is a linear fun
-tion de�ned on the 
on
entrations b(
) = Pi bi
i,whose value is preserved by the dynami
s (27). The
onservation laws 
oeÆ
ient ve
tors bi are left eigen-ve
tors of the matrix K 
orresponding to the zero15



eigenvalue. The set of all the 
onservation laws formsthe left kernel of the matrix K. Equation (27) al-ways has a linear 
onservation law: b0(
) =Pi 
i =
onst. If there is no other independent linear 
onser-vation law, then the system is weakly ergodi
.A set E is positively invariant with respe
t to ki-neti
 equations (27), if any solution 
(t) that startsin E at time t0 (
(t0) 2 E) belongs to E for t > t0(
(t) 2 E if t > t0). It is straightforward to 
he
kthat the standard simplex � = f
 j 
i � 0; Pi 
i =1g is positively invariant set for kineti
 equation(27): just to 
he
k that if 
i = 0 for some i, and all
j � 0 then _
i � 0. This simple fa
t immediatelyimplies the following properties of K:{ All eigenvalues � of K have non-positive realparts, Re� � 0, be
ause solutions 
annot leave �in positive time;{ If Re� = 0 then � = 0, be
ause interse
tion of �with any plain is a polygon, and a polygon 
an-not be invariant with respe
t of rotations to suf-�
iently small angles;{ The Jordan 
ell of K that 
orresponds to zeroeigenvalue is diagonal { be
ause all solutionsshould be bounded in � for positive time.{ The shift in time operator exp(Kt) is a 
ontra
-tion in the l1 norm for t > 0: for positive t andany two solutions of (27) 
(t); 
0(t) 2 �Xi j
i(t)� 
0i(t)j �Xi j
i(0)� 
0i(0)j:Two verti
es are 
alled adja
ent if they share a
ommon edge. A path is a sequen
e of adja
ent ver-ti
es. A graph is 
onne
ted if any two of its verti
esare linked by a path. A maximal 
onne
ted sub-graph of graphG is 
alled a 
onne
ted 
omponent ofG. Every graph 
an be de
omposed into 
onne
ted
omponents.A dire
ted path is a sequen
e of adja
ent edgeswhere ea
h step goes in dire
tion of an edge. A ver-tex A is rea
hable by a vertex B, if there exists anoriented path from B to A.A nonempty set V of graph vertexes forms asink, if there are no oriented edges from Ai 2 V toany Aj =2 V . For example, in the rea
tion graphA1  A2 ! A3 the one-vertex sets fA1g and fA3gare sinks. A sink is minimal if it does not 
ontaina stri
tly smaller sink. In the previous example,fA1g, fA3g are minimal sinks. Minimal sinks arealso 
alled ergodi
 
omponents.A digraph is strongly 
onne
ted, if every vertexA is rea
hable by any other vertex B. Ergodi
 
om-ponents are maximal strongly 
onne
ted subgraphs

of the graph, but inverse is not true: there may ex-ist maximal strongly 
onne
ted subgraphs that haveoutgoing edges and, therefore, are not sinks.We study ensembles of systems with a givengraph and independent and well separated kineti

onstants kij . This means that we study asymptoti
behaviour of ensembles with independent identi-
ally distributed 
onstants, log-uniform distributedin suÆ
iently big interval log k 2 [�; �℄, for � !�1, � ! 1, or just a log-uniform distribution onin�nite axis, log k 2 R.4.1.2. Sinks and ergodi
ityIf there is no other independent linear 
onserva-tion law, then the system is weakly ergodi
. Theweak ergodi
ity of the network follows from its topo-logi
al properties.The following properties are equivalent and ea
hone of them 
an be used as an alternative de�nitionof weak ergodi
ity:(i) There exist the only independent linear 
on-servation law for kineti
 equations (27) (thisis b0(
) =Pi 
i = 
onst).(ii) For any normalized initial state 
(0) (b0(
) =1) there exists a limit state
� = limt!1 exp(Kt) 
(0)that is the same for all normalized initial 
on-ditions: For all 
,limt!1 exp(Kt) 
 = b0(
)
�:(iii) For ea
h two verti
es Ai; Aj (i 6= j) we 
an�nd su
h a vertexAk that is rea
hable both byAi and by Aj . This means that the followingstru
ture exists:Ai ! : : :! Ak  : : : Aj :One of the paths 
an be degenerated: it maybe i = k or j = k.(iv) The network has only one minimal sink (oneergodi
 
omponent).For every monomole
ular kineti
 system, the Jor-dan 
ell for zero eigenvalue of matrix K is diagonaland the maximal number of independent linear 
on-servation laws (i.e. the geometri
 multipli
ity of thezero eigenvalue of the matrixK) is equal to the max-imal number of disjoint ergodi
 
omponents (mini-mal sinks).Let G = fAi1 ; : : : Ailg be an ergodi
 
omponent.Then there exists a unique ve
tor (normalized in-variant distribution) 
G with the following proper-16



ties: 
Gi = 0 for i =2 fi1; : : : ilg, 
Gi > 0 for all i 2fi1; : : : ilg b0(
G) = 1, K
G = 0.If G1; : : : Gm are all ergodi
 
omponents of thesystem, then there existm independent positive lin-ear fun
tionals b1(
), ... bm(
) su
h that Pmi=1 bi =b0 and for ea
h 
limt!1 exp(Kt)
 = mXi=1 bi(
)
Gi : (30)So, for any solution of kineti
 equations (27), 
(t),the limit at t ! 1 is a linear 
ombination of nor-malized invariant distributions 
Gi with 
oeÆ
ientsbi(
(0)). In the simplest example, A1  A2 ! A3,G1 = fA1g, G2 = fA3g, 
omponents of ve
tors 
G1 ,
G2 are (1; 0; 0) and (0; 0; 1), 
orrespondingly. Forfun
tionals b1;2 we get:b1(
) = 
1 + k1k1 + k2 
2; b2(
) = k2k1 + k2 
2 + 
3;(31)where k1; k2 are rate 
onstants for rea
tion A2 !A1, andA2 ! A3, 
orrespondingly.We 
an mentionthat for well separated 
onstants either k1 � k2 ork1 � k2. Hen
e, one of the 
oeÆ
ients k1=(k1 + k2),k2=(k1 + k2) is 
lose to 0, another is 
lose to 1. Thisis an example of the general zero{one law for multi-s
ale systems: for any l; i, the value of fun
tional bl(30) on basis ve
tor ei, bl(ei), is either 
lose to oneor 
lose to zero (with probability 
lose to 1).We 
an understand better this asymptoti
s by us-ing the Markov 
hain language. For non-separated
onstants a parti
le in A2 has nonzero probability torea
h A1 and nonzero probability to rea
h A3. Thezero{one law in this simplest 
asemeans that the dy-nami
s of the parti
le be
omes deterministi
: withprobability one it 
hooses to go to one of verti
esA2; A3 and to avoid another. Instead of bran
hing,A2 ! A1 and A2 ! A3, we sele
t only one way: ei-ther A2 ! A1 or A2 ! A3. Graphs without bran
h-ing represent dis
rete dynami
al systems.4.1.3. De
omposition of dis
rete dynami
al systemsDis
rete dynami
al system on a �nite set V =fA1; A2; : : : Ang is a semigroup 1; �; �2; :::, where �is a map � : V ! V . Ai 2 V is a periodi
 point,if �l(Ai) = Ai for some l > 0; else Ai is a tran-sient point. A 
y
le of period l is a sequen
e of ldistin
t periodi
 points A; �(A); �2(A); : : : �l�1(A)with �l(A) = A. A 
y
le of period one 
onsists ofone �xed point, �(A) = A. Two 
y
les, C;C 0 either
oin
ide or have empty interse
tion.

The set of periodi
 points, V p, is alwaysnonempty. It is a union of 
y
les: V p = [jCj . Forea
h point A 2 V there exist su
h a positive integer�(A) and a 
y
le C(A) = Cj that �q(A) 2 Cj forq � �(A). In that 
ase we say thatA belongs to basinof attra
tion of 
y
le Cj and use notation Att(Cj) =fA j C(A) = Cjg. Of 
ourse, Cj � Att(Cj). For dif-ferent 
y
les, Att(Cj)\Att(Cl) = ?. If A is periodi
point then �(A) = 0. For transient points �(A) > 0.So, the phase spa
e V is divided onto subsetsAtt(Cj). Ea
h of these subsets in
ludes one 
y
le(or a �xed point, that is a 
y
le of length 1). SetsAtt(Cj) are �-invariant: �(Att(Cj )) � Att(Cj). Theset Att(Cj)nCj 
onsist of transient points and thereexists su
h positive integer � that �q(Att(Cj)) = Cjif q � � .4.2. Auxiliary dis
rete dynami
al systems andrelaxation analysis4.2.1. Auxiliary dis
rete dynami
al systemFor ea
h Ai, we de�ne �i as the maximal kineti

onstant for rea
tions Ai ! Aj : �i = maxjfkjig.For 
orrespondent j we use notation �(i): �(i) =argmaxjfkjig. The fun
tion �(i) is de�ned under
ondition that for Ai outgoing rea
tions Ai ! Ajexist. Let us extend the de�nition: �(i) = i if thereexist no su
h outgoing rea
tions.The map � determines dis
rete dynami
al systemon a set of 
omponents V = fAig. We 
all it theauxiliary dis
rete dynami
al system for a given net-work of monomole
ular rea
tions. Let us de
omposethis system and �nd the 
y
les Cj and their basinsof attra
tion, Att(Cj).Noti
e that for the graph that represents a dis-
rete dynami
 system, attra
tors are ergodi
 
om-ponents, while basins are 
onne
ted 
omponents.An auxiliary rea
tion network is asso
iated withthe auxiliary dis
rete dynami
al system. This is theset of rea
tions Ai ! A�(i) with kineti
 
onstants�i. The 
orrespondent kineti
 equation is_
i = ��i
i + X�(j)=i �j
j ; (32)or in ve
tor notations (28)d
dt = ~K
 =Xi �i
i
�(i) i; ~Kij = ��jÆij+�jÆi �(j):(33)For deriving of the auxiliary dis
rete dynami
alsystem we do not need the values of rate 
onstants.Only the ordering is important. Below we 
onsider17



multis
ale ensembles of kineti
 systems with givenordering and with well separated kineti
 
onstants(k�(1) � k�(2) � ::: for some permutation �).In the following, we analyze �rst the situationwhen the system is 
onne
ted and has only one at-tra
tor. This 
an be a point or a 
y
le. Then, wedis
uss the general situation with any number of at-tra
tors.4.2.2. Eigenve
tors for a
y
li
 auxiliary kineti
sLet us study kineti
s (32) for a
y
li
 dis
rete dy-nami
al system (ea
h vertex has one or zero outgo-ing rea
tions, and there are no 
y
les). Su
h a
y
li
rea
tion networks have many simple properties. Forexample, the nonzero eigenvalues are exa
tly minusrea
tion rate 
onstants, and it is easy to �nd all leftand right eigenve
tors in expli
it form. Let us �ndleft and right eigenve
tors of matrix ~K of auxiliarykineti
 system (32) for a
y
li
 auxiliary dynami
s.In this 
ase, for any vertex Ai there exists is aneigenve
tor. If Ai is a �xed point of the dis
rete dy-nami
al system (i.e. �(i) = i) then this eigenvalue iszero. If Ai is not a �xed point (i.e. �(i) 6= i and rea
-tion Ai ! A�(i) has nonzero rate 
onstant �i) thenthis eigenve
tor 
orresponds to eigenvalue ��i. Forleft and right eigenve
tors of ~K that 
orrespond toAi we use notations li (ve
tor-raw) and ri (ve
tor-
olumn), 
orrespondingly, and apply normalization
ondition rii = lii = 1.First, let us �nd the eigenve
tors for zero eigen-value. Dimension of zero eigenspa
e is equal to thenumber of �xed points in the dis
rete dynami
al sys-tem. If Ai is a �xed point then the 
orrespondenteigenvalue is zero, and the right eigenve
tor ri hasonly one nonzero 
oordinate, 
on
entration of Ai:rij = Æij .To 
onstru
t the 
orrespondent left eigenve
torsli for zero eigenvalue (for �xed pointAi), let us men-tion that lij 
ould have nonzero value only if thereexists su
h q � 0 that �q(j) = i (this q is uniquebe
ause absen
e of 
y
les). In that 
ase (for q > 0),(li ~K)j = ��jlij + �j li�(j) = 0:Hen
e, lij = li�(j), and lij = 1 if �q(j) = i for someq > 0.For nonzero eigenvalues, right eigenve
tors will be
onstru
ted by re
urren
e starting from the vertexAi and moving in the dire
tion of the 
ow. The 
on-stru
tion is in opposite dire
tion for left eigenve
-tors. Nonzero eigenvalues of ~K (32) are ��i.For given i, �i is the minimal integer su
h that��i(i) = ��i+1(i) (this is a relaxation time i.e. the

number of steps to rea
h a �xed point). All indi
esf�k(i) j k = 0; 1; : : : �ig are di�erent. For right eigen-ve
tor ri only 
oordinates ri�k(i) (k = 0; 1; : : : �i)
ould have nonzero values, and( ~Kri)�k+1(i) = ���k+1(i)ri�k+1(i) + ��k(i)ri�k(i)= ��iri�k+1(i):Hen
e,ri�k+1(i) = ��k(i)��k+1(i) � �i ri�k(i) = kYj=0 ��j(i)��j+1(i) � �i= �i��k+1(i) � �i k�1Yj=0 ��j+1(i)��j+1(i) � �i :(34)The last transformation is 
onvenient for estimationof the produ
t for well separated 
onstants (
ompareto (4)):��j+1(i)��j+1(i) � �i � ( 1; if ��j+1(i) � �i;0; if ��j+1(i) � �i;�i��k+1(i) � �i � (�1; if �i � ��k+1(i);0; if �i � ��k+1(i): (35)For left eigenve
tor li 
oordinate lij 
ould havenonzero value only if there exists su
h q � 0 that�q(j) = i (this q is unique be
ause the auxiliarydynami
al system has no 
y
les). In that 
ase (forq > 0), (li ~K)j = ��jlij + �jli�(j) = ��ilij :Hen
e,lij = �j�j � �i li�(j) = q�1Yk=0 ��k(j)��k(j) � �i : (36)For every fra
tion in (36) the following estimateholds: ��k(j)��k(j) � �i � ( 1; if ��k(j) � �i;0; if ��k(j) � �i: (37)As we 
an see, every 
oordinate of left and righteigenve
tors of ~K (34), (36) is either 0 or �1, or
lose to 0 or to �1 (with probability 
lose to 1). We
an write this asymptoti
 representation expli
itly(analogously to (5)). For left eigenve
tors, lii = 1and lij = 1 (for i 6= j) if there exists su
h q that�q(j) = i, and ��d(j) > �i for all d = 0; : : : q �1, else lij = 0. For right eigenve
tors, rii = 1 andri�k(j) = �1 if ��k(j) < �i and for all positive m <k inequality ��m(j) > �i holds, i.e. k is �rst su
h18



positive integer that ��k(j) < �i (for �xed point Apwe use �p = 0). Ve
tor ri has not more than twononzero 
oordinates. It is straightforward to 
he
kthat in this asymptoti
 lirj = Æij .In general, 
oordinates of eigenve
tors lij , rij aresimultaneously nonzero only for one value j = i be-
ause the auxiliary system is a
y
li
. On the otherhand, lirj = 0 if i 6= j, just be
ause that are eigen-ve
tors for di�erent eigenvalues, �i and �j . Hen
e,lirj = Æij .For example, let us �nd the asymptoti
 of left andright eigenve
tors for a bran
hed a
y
li
 system ofrea
tions:A1!7 A2!5 A3!6 A4!2 A5!4 A8; A6!1 A7!3 A4where the upper index marks the order of rate 
on-stants: �6 > �4 > �7 > �5 > �2 > �3 > �1 (�i isthe rate 
onstant of rea
tion Ai ! :::).For zero eigenvalue, the left and right eigenve
torsarel8 = (1; 1; 1; 1; 1; 1; 1; 1; 1); r8 = (0; 0; 0; 0; 0; 0; 0; 1):For left eigenve
tors, rows li, that 
orrespond tononzero eigenvalues we have the following asymp-toti
s:l1 � (1; 0; 0; 0; 0; 0; 0; 0); l2 � (0; 1; 0; 0; 0; 0; 0; 0);l3 � (0; 1; 1; 0; 0; 0; 0; 0); l4 � (0; 0; 0; 1; 0; 0; 0; 0);l5 � (0; 0; 0; 1; 1; 1; 1; 0); l6 � (0; 0; 0; 0; 0; 1; 0; 0):l7 � (0; 0; 0; 0; 0; 1; 1; 0) (38)For the 
orrespondent right eigenve
tors, 
olumnsri, we have the following asymptoti
s (we writeve
tor-
olumns in rows):r1�(1; 0; 0; 0; 0; 0; 0;�1); r2�(0; 1;�1; 0; 0; 0; 0; 0);r3�(0; 0; 1; 0; 0; 0; 0;�1); r4�(0; 0; 0; 1;�1; 0; 0; 0);r5�(0; 0; 0; 0; 1; 0; 0;�1); r6�(0; 0; 0; 0; 0; 1;�1; 0);r7�(0; 0; 0; 0;�1; 0; 1; 0): (39)4.2.3. The �rst 
ase: auxiliary dynami
al system isa
y
li
 and has one attra
torIn the simplest 
ase, the auxiliary dis
rete dynam-i
al system for the rea
tion networkW is a
y
li
 andhas only one attra
tor, a �xed point. Let this pointbe An (n is the number of verti
es). The 
orrespon-dent eigenve
tors for zero eigenvalue are rnj = Ænj ,lnj = 1. For su
h a system, it is easy to �nd expli
itanalyti
 solution of kineti
 equation (32).

A
y
li
 auxiliary dynami
al system with one at-tra
tor have a 
hara
teristi
 property among all aux-iliary dynami
al systems: the stoi
hiometri
 ve
torsof rea
tions Ai ! A�(i) form a basis in the subspa
eof 
on
entration spa
e with Pi 
i = 0. Indeed, forsu
h a system there exist n � 1 rea
tion, and theirstoi
hiometri
 ve
tors are independent. On the otherhand, existen
e of 
y
les implies linear 
onne
tionsbetween stoi
hiometri
 ve
tors, and existen
e of twoattra
tors in a
y
li
 system implies that the num-ber of rea
tions is less n�1, and their stoi
hiometri
ve
tors 
ould not form a basis in n� 1-dimensionalspa
e.Let us assume that the auxiliary dynami
al sys-tem is a
y
li
 and has only one attra
tor, a �xedpoint. This means that stoi
hiometri
 ve
tors 
�(i) iform a basis in a subspa
e of 
on
entration spa
ewithPi 
i = 0. For every rea
tion Ai ! Al the fol-lowing linear operators Qil 
an be de�ned:Qil(
�(i) i) = 
li; Qil(
�(p) p) = 0 for p 6= i: (40)The kineti
 equation for the whole rea
tion network(28) 
ould be transformed in the formd
dt =Xi 0�1 + Xl l6=�(i) kli�i Qil1A 
�(i) i�i
i= 0�1 + Xj;l (l6=�(j)) klj�j Qjl1AXi 
�(i) i�i
i= 0�1 + Xj;l (l6=�(j)) klj�j Qjl1A ~K
; (41)
where ~K is kineti
 matrix of auxiliary kineti
 equa-tion (33). By 
onstru
tion of auxiliary dynami
alsystem, kli � �i if l 6= �(i). Noti
e also that jQjljdoes not depend on rate 
onstants.Let us represent system (41) in eigenbasis of ~K ob-tained in previous subse
tion. Any matrix B in thiseigenbasis has the form B = (~bij), ~bij = liBrj =Pqs liqbqsrjs , where (bqs) is matrix B in the initialbasis, li and rj are left and right eigenve
tors of ~K(34), (36). In eigenbasis of ~K the Gershgorin esti-mates of eigenvalues and estimates of eigenve
torsare mu
h more eÆ
ient than in original 
oordinates:the system is stronger diagonally dominant. Trans-formation to this basis is an e�e
tive pre
ondition-ing for perturbation theory that uses auxiliary ki-neti
s as a �rst approximation to the kineti
s of thewhole system.19



First of all, we 
an ex
lude the 
onservation law.Any solution of (41) has the form 
(t) = brn + ~
(t),where b = ln
(t) = ln
(0) andPi ~
i(t) = 0. On thesubspa
e of 
on
entration spa
e with Pi 
i = 0 weget d
dt = (1 + E)diagf��1; : : :� �n�1g
; (42)where E = ("ij), j"ij j � 1, and diagf��1; : : : ��n�1g is diagonal matrix with ��1; : : : � �n�1 onthe main diagonal. If j"ij j � 1 then we 
an use theGershgorin theorem and state that eigenvalues ofmatrix (1 + E)diagf��1; : : : � �n�1g are real andhave the form �i = ��i + �i with j�ij � �i.To prove inequality j"ij j � 1 (for ensembles withwell separated 
onstants, with probability 
lose to1) we use that the left and right eigenve
tors of~K (34), (36) are uniformly bounded under somenon-degeneration 
onditions and those 
onditionsare true for well separated 
onstants. For ensembleswith well separated 
onstants, for any given positiveg < 1 and all i; j (i 6= j) the following inequality istrue with probability 
lose to 1: j�i��j j > g�i. Letus sele
t a value of g and assume that this diagonalgap 
ondition is always true. In this 
ase, for everyfra
tion in (34), (36) we have estimate�ij�j � �ij < 1g :Therefore, for 
oordinates of right and left eigenve
-tors of ~K (34), (36) we getjri�k+1(i)j < 1gk < 1gn ; jlij j < 1gq < 1gn : (43)We 
an estimate j"ij j and j�ij=�i from above as
onst � maxl6=�(s)fkls=�sg. So, the eigenvalues forkineti
 matrix of the whole system (41) are real and
lose to eigenvalues of auxiliary kineti
 matrix ~K(33). For eigenve
tors, the Gershgorin theorem givesno result, and additionally to diagonal dominan
ewe must assume the diagonal gap 
ondition. Basedon this assumption, we proved the Gershgorin typeestimate of eigenve
tors in Appendix 1. In parti
u-lar, a

ording to this estimate, eigenve
tors for thewhole rea
tion network are arbitrarily 
lose to eigen-ve
tors of ~K (with probability 
lose to 1).So, if the auxiliary dis
rete dynami
al system isa
y
li
 and has only one attra
tor (a �xed point),then the relaxation of the whole rea
tion network
ould be approximated by the auxiliary kineti
s(32):


(t) = (ln
(0))rn + n�1Xi=1 (li
(0))ri exp(��it); (44)For li and ri one 
an use exa
t formulas (34) and(36) or zero-one asymptoti
 representations basedon (37) and (35) formultis
ale systems. This approx-imation (44) 
ould be improved by iterative meth-ods, if ne
essary.4.2.4. The se
ond 
ase: auxiliary system has one
y
li
 attra
torThe se
ond simple parti
ular 
ase on the way togeneral 
ase is a rea
tion network with 
omponentsA1; : : : An whose auxiliary dis
rete dynami
al sys-tem has one attra
tor, a 
y
le with period � > 1:An��+1 ! An��+2 ! : : : An ! An��+1 (aftersome 
hange of enumeration). We assume that thelimiting step in this 
y
le (rea
tion with minimal
onstant) is An ! An��+1. If auxiliary dis
retedynami
al system has only one attra
tor then thewhole network is weakly ergodi
. But the attra
torof the auxiliary system may not 
oin
ide with a sinkof the rea
tion network.There are two possibilities:(i) In the whole network, all the outgoing rea
-tions from the 
y
le have the form An��+i !An��+j (i; j > 0). This means that the 
y
leverti
es An��+1; An��+2; : : : An form a sinkfor the whole network.(ii) There exists a rea
tion from a 
y
le vertexAn��+i to Am, m � n � � . This means thatthe set fAn��+1; An��+2; : : : Ang is not a sinkfor the whole network.In the �rst 
ase, the limit (for t ! 1) distributionfor the auxiliary kineti
s is the well-studied station-ary distribution of the 
y
leAn��+1; An��+2; : : : Andes
ribed in Se
. 2 (11), (12) (13), (15). The setfAn��+1; An��+2; : : : Ang is the only ergodi
 
om-ponent for the whole network too, and the limit dis-tribution for that system is nonzero on verti
es only.The stationary distribution for the 
y
le An��+1 !An��+2 ! : : : An ! An��+1 approximates the sta-tionary distribution for the whole system. To ap-proximate the relaxation pro
ess, let us delete thelimiting step An ! An��+1 from this 
y
le. By thisdeletion we produ
e an a
y
li
 system with one �xedpoint, An, and auxiliary kineti
 equation (33) trans-forms into d
dt = ~K0
 = n�1Xi=1 �i
i
�(i) i: (45)20



As it is demonstrated, dynami
s of this system ap-proximates relaxation of the whole network in sub-spa
e Pi 
i = 0. Eigenvalues for (45) are ��i (i <n), the 
orresponded eigenve
tors are represented by(34), (36) and zero-one multis
ale asymptoti
 rep-resentation is based on (37) and (35).In the se
ond 
ase, the setfAn��+1; An��+2; : : : Angis not a sink for the whole network. This meansthat there exist outgoing rea
tions from the 
y
le,An��+i ! Aj withAj =2 fAn��+1; An��+2; : : : Ang.For every 
y
le vertex An��+i the rate 
onstant�n��+i that 
orresponds to the 
y
le rea
tionAn��+i ! An��+i+1 is mu
h bigger than any other
onstant kj; n��+i that 
orresponds to a \side" rea
-tion An��+i ! Aj (j 6= n� � + i+ 1): �n��+i �kj; n��+i. This is be
ause de�nition of auxiliary dis-
rete dynami
al system and assumption of ensemblewith well separated 
onstants (multis
ale asymp-toti
s). This inequality allows us to separate motionand to use for 
omputation of the rates of outgoingrea
tion An��+i ! Aj the quasi steady state dis-tribution in the 
y
le. This means that we 
an gluethe 
y
le into one vertex A1n��+1 with the 
orre-spondent 
on
entration 
1n��+1 = P1�i�� 
n��+iand substitute the rea
tion An��+i ! Aj byA1n��+1 ! Aj with the rate 
onstant renormal-ization: k1j; n��+1 = kj; n��+i
QSn��+i=
1n��+1. Bythe supers
ript QS we mark here the quasistation-ary 
on
entrations for given total 
y
le 
on
entra-tion 
1n��+1. Another possibility is to re
harge thelink An��+i ! Aj to another vertex of the 
y
le(usually to An): we 
an substitute the rea
tionAn��+i ! Aj by the rea
tion An��+q ! Aj withthe rate 
onstant renormalization:kj; n��+q = kj; n��+i
QSn��+i=
QSn��+q: (46)The new rate 
onstant is smaller than the initial one:kj; n��+q � kj; n��+i, be
ause 
QSn��+i � 
QSn��+q dueto de�nition.We apply this approa
h now and demonstrateits appli
ability in more details later in this se
-tion. For the quasi-stationary distribution on the
y
le we get 
n��+i = 
n�n=�n��+i (1 � i < �).The original rea
tion network is transformed bygluing the 
y
le fAn��+1, An��+2; : : : Ang into apoint A1n��+1. We say that 
omponents An��+1,An��+2; : : : An of the original system belong tothe 
omponent A1n��+1 of the new system. All therea
tions Ai ! Aj with i; j � n � � remain thesame with rate 
onstant kji. Rea
tions of the form

Ai ! Aj with i � n � � , j > n � � (in
omingrea
tions of the 
y
le fAn��+1; An��+2; : : : Ang)transform into Ai ! A1n��+1 with the same rate
onstant kji. Rea
tions of the form Ai ! Aj withi > n � � , j � n � � (outgoing rea
tions of the
y
le fAn��+1; An��+2; : : : Ang) transform into re-a
tions A1n��+1 ! Aj with the \quasistationary"rate 
onstant kQSji = kji�n=�n��+i. After that, wesele
t the maximal kQSji for given j: k(1)j; n��+1 =maxi>n�� kQSji . This k(1)j; n��+1 is the rate 
onstantfor rea
tion A1n��+1 ! Aj in the new system. Rea
-tions Ai ! Aj with i; j > n� � (internal rea
tionsof the site) vanish.Among rate 
onstants for rea
tions of the formAn��+i ! Am (m � n� �) we �nd�(1)n��+i = maxi;m fkm;n��+i�n=�n��+ig: (47)Let the 
orrespondent i;m be i1; m1.After that, we 
reate a new auxiliary dis
rete dy-nami
al system for the new rea
tion network on theset fA1; : : : An�� ; A1n��+1g. We 
an des
ribe thisnew auxiliary system as a result of transformationof the �rst auxiliary dis
rete dynami
al system ofinitial rea
tion network. All the rea
tions from this�rst auxiliary system of the form Ai ! Aj withi; j � n� � remain the same with rate 
onstant �i.Rea
tions of the form Ai ! Aj with i � n � � ,j > n � � transform into Ai ! A1n��+1 with thesame rate 
onstant �i. One more rea
tion is to beadded: A1n��+1 ! Am1 with rate 
onstant �(1)n��+i.We \glued" the 
y
le into one vertex, A1n��+1, andadded new rea
tion from this vertex to Am1 withmaximal possible 
onstant (47). Without this rea
-tion the new auxiliary dynami
al system has onlyone attra
tor, the �xed point A1n��+1. With this ad-ditional rea
tion that point is not �xed, and a new
y
le appears: Am1 ! : : : A1n��+1 ! Am1 .Again we should analyze, whether this new 
y
leis a sink in the new rea
tion network, et
. Finally,after a 
hain of transformations, we should 
ome toan auxiliary dis
rete dynami
al system with one at-tra
tor, a 
y
le, that is the sink of the transformedwhole rea
tion network. After that, we 
an �nd sta-tionary distribution by restoring of glued 
y
les inauxiliary kineti
 system and applying formulas (11),(12) (13), (15) from Se
. 2. First, we �nd the station-ary state of the 
y
le 
onstru
ted on the last itera-tion, after that for ea
h vertex Akj that is a glued 
y-
le we know its 
on
entration (the sum of all 
on
en-trations) and 
an �nd the stationary distribution,21
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jAFig. 1. The main operation of the 
y
le surgery: on a stepba
k we get a 
y
le A1 ! :::! A� ! A1 with the limitingstep A� ! A1 and one outgoing rea
tion Ai ! Aj . Weshould delete the limiting step, reatta
h (\re
harge") theoutgoing rea
tion Ai ! Aj from Ai to A� and 
hange itsrate 
onstant k to the rate 
onstant kklim=ki. The new valueof rea
tion rate 
onstant is always smaller than the initialone: kklim=ki < k if klim 6= ki. For this operation only one
ondition k� ki is ne
essary (k should be small with respe
tto rea
tion Ai ! Ai+1 rate 
onstant, and 
an ex
eed anyother rea
tion rate 
onstant).then if there remain some verti
es that are glued 
y-
les we �nd distribution of 
on
entrations in these
y
les, et
. At the end of this pro
ess we �nd allstationary 
on
entrations with high a

ura
y, withprobability 
lose to one.As a simple example we use the following system,a 
hain supplemented by three rea
tions:A1!1 A2!2 A3!3 A4!4 A5!5 A6;A6!6 A4; A5!7 A2; A3!8 A1; (48)where the upper index marks the order of rate 
on-stants.Auxiliary dis
rete dynami
al system for the net-work (48) in
ludes the 
hain and one rea
tion:A1!1 A2!2 A3!3 A4!4 A5!5 A6!6 A4:It has one attra
tor, the 
y
le A4!4 A5!5 A6!6 A4.This 
y
le is not a sink for the whole system, be-
ause there exists an outgoing rea
tion A5!7 A2.By gluing the 
y
le A4!4 A5!5 A6!6 A4 into a ver-tex A14 we get new network with a 
hain supple-mented by two rea
tions:A1!1 A2!2 A3!3 A14; A14!? A2; A3!? A1: (49)Here the new rate 
onstant is k(1)24 = k25�6=�5(�6 = k46 is the limiting step of the 
y
leA4!4 A5!5 A6!6 A4, �5 = k65).Here we 
an make a simple but important obser-vation: the new 
onstant k124 = k25�6=�5 has thesame log-uniform distribution on the whole axis as
onstants k25, �6 and �5 have. The new 
onstant k124depends on k25 and the internal 
y
le 
onstants �6and �5, and is independent from other 
onstants.

Of 
ourse, k(1)24 < �5, but relations between k(1)24and k13 are a priori unknown. Both orderings, k(1)24 >k13 and k(1)24 < k13, are possible, and should be 
on-sidered separately, if ne
essary. But for both order-ings the auxiliary dynami
al system for network (49)is A1!1 A2!2 A3!3 A14!? A2(of 
ourse, �(1)4 < �3 < �2 < �1). It has one at-tra
tor, the 
y
le A2!2 A3!3 A14!? A2. This 
y
le isnot a sink for the whole system, be
ause there ex-ists an outgoing rea
tion A3!? A1. The limiting 
on-stant for this 
y
le is �(1)4 = k(1)24 = k25k46=k65. Weglue this 
y
le into one point, A22. The new trans-formed system is very simple, it is just a two step
y
le: A1!1 A22!? A1. The new rea
tion 
onstant isk(2)12 = k13�(1)4 =�3 = k13k25k46=(k65k43). The aux-iliary dis
rete dynami
al system is the same graphA1!1 A22!? A1, this is a 
y
le, and we do not need fur-ther transformations.Let us �nd the steady state on the way ba
k, fromthis �nal auxiliary system to the original one. Forsteady state of ea
h 
y
le we use formula (13).The steady state for the �nal system is 
1 =bk(2)12 =k21, 
22 = b(1� k(2)12 =k21). The 
omponent A22in
ludes the 
y
le A2!2 A3!3 A14!? A2. The steadystate of this 
y
le is 
2 = 
(2)2 k(1)24 =k32, 
3 =
(2)2 k(1)24 =k43, 
(1)4 = 
(2)2 (1�k(1)24 =k32�k(1)24 =k43). The
omponent A14 in
ludes the 
y
le A4!4 A5!5 A6!6 A4.The steady state of this 
y
le is 
4 = 
(1)4 k46=k54,
5 = 
(1)4 k46=k65, 
6 = 
(1)4 (1� k46=k54 � k46=k65).For one 
atalyti
 
y
le, relaxation in the subspa
ePi 
i = 0 is approximated by relaxation of a 
hainthat is produ
ed from the 
y
le by 
utting the lim-iting step (Se
. 2). For rea
tion networks under 
on-sideration (with one 
y
li
 attra
tor in auxiliary dis-
rete dynami
al system) the dire
t generalizationworks: for approximation of relaxation in the sub-spa
e Pi 
i = 0 it is suÆ
ient to perform the fol-lowing pro
edures:{ To glue iteratively attra
tors (
y
les) of the aux-iliary system that are not sinks of the whole sys-tem;{ To restore these 
y
les from the end of the �rstpro
edure to its beginning. For ea
h of 
y
les (in-
luding the last one that is a sink) the limitedstep should be deleted, and the outgoing rea
tionshould be reatta
hed to the head of the limitingsteps (with the proper normalization), if it wasnot deleted before as a limiting step of one of the
y
les.22



The heads of outgoing rea
tions of that 
y
lesshould be reatta
hed to the heads of the limitingsteps. Let for a 
y
le this limiting step be Am ! Aq .If for a glued 
y
le Ak there exists an outgoing rea
-tion Ak ! Aj with the 
onstant � (47), then afterrestoration we add the outgoing rea
tion Am ! Ajwith the rate 
onstant �. Kineti
 of the resultinga
y
li
 system approximates relaxation of the initialnetworks (under assumption of well separated 
on-stants, for given ordering, with probability 
lose to1).Let us 
onstru
t this a
y
li
 network for the sameexample (48). The �nal 
y
le is A1!1 A22!? A1. Thelimiting step in this 
y
le is A22!? A1. After 
ut-ting we get A1!1 A22. The 
omponent A22 is glued
y
le A2!2 A3!3 A14!? A2. The rea
tion A1!1 A22 
or-responds to the rea
tion A1!1 A2 (in this 
ase, thisis the only rea
tion from A1 to 
y
le; in other
ase one should take the rea
tion from A1 to 
y
lewith maximal 
onstant). The limiting step in the
y
le is A14!? A2. After 
utting, we get a systemA1!1 A2!2 A3!3 A14. The 
omponent A14 is the glued
y
le A4!4 A5!5 A6!6 A4 from the previous step. Thelimiting step in this 
y
le is A6!6 A4. After restoringthis 
y
le and 
utting the limiting step, we get ana
y
li
 system A1!1 A2!2 A3!3 A4!4 A5!5 A6 (as one
an guess from the beginning: this 
oin
iden
e isprovided by the simple 
onstant ordering sele
tedin (48)). Relaxation of this system approximatesrelaxation of the whole initial network.To demonstrate possible bran
hing of des
ribedalgorithm for 
y
les surgery (gluing, restoring and
utting) with ne
essity of additional orderings, letus 
onsider the following system:A1!1 A2!6 A3!2 A4!3 A5!4 A3; A4!5 A2; (50)The auxiliary dis
rete dynami
al system for rea
-tion network (50) isA1!1 A2!6 A3!2 A4!3 A5!4 A3:It has only one attra
tor, a 
y
le A3!2 A4!3 A5!4 A3.This 
y
le is not a sink for the whole network (50) be-
ause rea
tion A4!5 A2 leads from that 
y
le. Aftergluing the 
y
le into a vertex A13 we get the new net-work A1!1 A2!6 A13!? A2. The rate 
onstant for therea
tion A13!A2 is k123 = k24k35=k54, where kij isthe rate 
onstant for the rea
tion Aj ! Ai in theinitial network (k35 is the 
y
le limiting rea
tion).The new network 
oin
ides with its auxiliary systemand has one 
y
le, A2!6 A13!? A2. This 
y
le is a sink,hen
e, we 
an start the ba
k pro
ess of 
y
les restor-

ing and 
utting. One question arises immediately:whi
h 
onstant is smaller, k32 or k123. The smallestof them is the limiting 
onstant, and the answer de-pends on this 
hoi
e. Let us 
onsider two possibili-ties separately: (1) k32 > k123 and (2) k32 < k123. Of
ourse, for any 
hoi
e the stationary 
on
entrationof the sour
e 
omponent A1 vanishes: 
1 = 0.(1) Let as assume that k32 > k123. In this 
ase,the steady state of the 
y
le A2!6 A13!? A2 is (a
-
ording to (13)) 
2 = bk123=k32, 
13 = b(1� k123=k32),where b = P 
i. The 
omponent A13 is a glued
y
le A3!2 A4!3 A5!4 A3. Its steady state is 
3 =
13k35=k43, 
4 = 
13k35=k54, 
5 = 
13(1 � k35=k43 �k35=k54).Let us 
onstru
t an a
y
li
 system that approx-imates relaxation of (50) under the same assump-tion (1) k32 > k123. The �nal auxiliary system aftergluing 
y
les is A1!1 A2!6 A13!? A2. Let us delete thelimiting rea
tion A13!? A2 from the 
y
le. We get ana
y
li
 system A1!1 A2!6 A13. The 
omponent A13 isthe glued 
y
leA3!2 A4!3 A5!4 A3. Let us restore this
y
le and delete the limiting rea
tion A5!4 A3. Weget an a
y
li
 system A1!1 A2!6 A3!2 A4!3 A5. Re-laxation of this system approximates relaxation ofthe initial network (50) under additional 
onditionk32 > k123.(2) Let as assume now that k32 < k123. In this 
ase,the steady state of the 
y
le A2!6 A13!? A2 is (a

ord-ing to (13)) 
2 = b(1� k32=k123), 
13 = bk32=k123. Thefurther analysis is the same as it was above: 
3 =
13k35=k43, 
4 = 
13k35=k54, 
5 = 
13(1 � k35=k43 �k35=k54) (with another 
13).Let us 
onstru
t an a
y
li
 system that approxi-mates relaxation of (50) under assumption (2) k32 <k123. The �nal auxiliary system after gluing 
y
les isthe same, A1!1 A2!6 A13!? A2, but the limiting stepin the 
y
le is di�erent, A2!6 A13. After 
utting thisstep, we get a
y
li
 system A1!1 A2 ?A13, where thelast rea
tion has rate 
onstant k123.The 
omponent A13 is the glued 
y
leA3!2 A4!3 A5!4 A3 :Let us restore this 
y
le and delete the limiting re-a
tion A5!4 A3. The 
onne
tion from glued 
y
leA13!? A2 with 
onstant k123 transforms into 
onne
-tion A5!? A2 with the same 
onstant k123.We get the a
y
li
 system:A1!1 A2 ; A3!2 A4!3 A5!? A2 :The order of 
onstants is now known: k21 > k43 >k54 > k123, and we 
an substitute the sign \?" by\4": A3!2 A4!3 A5!4 A2.23



For both 
ases, k32 > k123 (k123 = k24k35=k54) andk32 < k123 it is easy to �nd the eigenve
tors expli
itlyand to write the solution to the kineti
 equations inexpli
it form.4.3. The general 
ase: 
y
les surgery for auxiliarydis
rete dynami
al system with arbitrary family ofattra
torsIn this subse
tion, we summarize results of relax-ation analysis and des
ribe the algorithm of approx-imation of steady state and relaxation pro
ess forarbitrary rea
tion network with well separated 
on-stants.4.3.1. Hierar
hy of 
y
les gluingLet us 
onsider a rea
tion networkW with a givenstru
ture and �xed ordering of 
onstants. The set ofverti
es ofW isA and the set of elementary rea
tionsis R. Ea
h rea
tion from R has the form Ai ! Aj ,Ai; Aj 2 A. The 
orrespondent 
onstant is kji. Forea
h Ai 2 A we de�ne �i = maxjfkjig and �(i) =argmaxjfkjig. In addition, �(i) = i if kji = 0 for allj. The auxiliary dis
rete dynami
al system for therea
tion network W is the dynami
al system � =�W de�ned by the map � on the set A. Auxiliaryrea
tion network V = VW has the same set of ver-ti
es A and the set of rea
tions Ai ! A�(i) with re-a
tion 
onstants �i. Auxiliary kineti
s is des
ribedby _
 = ~K
, where ~Kij = ��jÆij + �jÆi �(j).Every �xed point of �W is also a sink for the rea
-tion network W . If all attra
tors of the system �Ware �xed points Af1; Af2; ::: 2 A then the set of sta-tionary distributions for the initial kineti
s as wellas for the auxiliary kineti
s is the set of distributions
on
entrated the set of �xed points fAf1; Af2; :::g.In this 
ase, the auxiliary rea
tion network is a
y
li
,and the auxiliary kineti
s approximates relaxationof the whole networkW .In general 
ase, let the system �W have sev-eral attra
tors that are not �xed points, but 
y
lesC1; C2; ::: with periods �1; �2; ::: > 1. By gluingthese 
y
les in points, we transform the rea
tionnetwork W into W1. The dynami
al system �Wis transformed into �1. For these new system andnetwork, the 
onne
tion �1 = �W1 persists: �1 isthe auxiliary dis
rete dynami
al system forW1.For ea
h 
y
le, Ci, we introdu
e a new vertex Ai.The new set of verti
es, A1 = A [ fA1; A2; :::g n([iCi) (we delete 
y
les Ci and add verti
es Ai).

All the rea
tion between A ! B (A;B 2 A) 
anbe separated into 5 groups:(i) both A;B =2 [iCi;(ii) A =2 [iCi, but B 2 Ci;(iii) A 2 Ci, but B =2 [iCi;(iv) A 2 Ci, B 2 Cj , i 6= j;(v) A;B 2 Ci.Rea
tions from the �rst group do not 
hange. Rea
-tion from the se
ond group transforms into A! Ai(to the whole glued 
y
le) with the same 
onstant.Rea
tion of the third type 
hanges intoAi ! B withthe rate 
onstant renormalization (46): let the 
y-
le Ci be the following sequen
e of rea
tions A1 !A2 ! :::A�i ! A1, and the rea
tion rate 
onstantfor Ai ! Ai+1 is ki (k�i for A�i ! A1). For the lim-iting rea
tion of the 
y
le Ci we use notation klim i.If A = Aj and k is the rate rea
tion for A ! B,then the new rea
tion Ai ! B has the rate 
on-stant kklim i=kj . This 
orresponds to a quasistation-ary distribution on the 
y
le (13). It is obvious thatthe new rate 
onstant is smaller than the initial one:kklim i=kj < k, be
ause klim i < kj due to de�nitionof limiting 
onstant. The same 
onstant renormal-ization is ne
essary for rea
tions of the fourth type.These rea
tions transform into Ai ! Aj . Finally,rea
tions of the �fth type vanish.After we glue all the 
y
les of auxiliary dynami-
al system in the rea
tion network W , we get W1.Stri
tly speaking, the whole networkW1 is not ne
-essary, and in eÆ
ient realization of the algorithmfor large networks the 
omputation 
ould be signi�-
antly redu
ed. What we need, is the 
orrespondentauxiliary dynami
al system �1 = �W1 with auxil-iary kineti
s.To �nd the auxiliary kineti
 system, we shouldglue all 
y
les in the �rst auxiliary system, and thenadd several rea
tions: for ea
h Ai it is ne
essary to�nd in W1 the rea
tion of the form Ai ! B withmaximal 
onstant and add this rea
tion to the aux-iliary network. If there is no rea
tion of the formAi ! B for given i then the point Ai is the �xedpoint forW1 and verti
es of the 
y
le Ci form a sinkfor the initial network.After that, we de
ompose the new auxiliary dy-nami
al system, �nd 
y
les and repeat gluing. Ter-minate when all attra
tors of the auxiliary dynami-
al system �m be
ome �xed points.4.3.2. Re
onstru
tion of steady statesAfter this termination, we 
an �nd all steadystate distributions by restoring 
y
les in the auxil-24



iary rea
tion network Vm. Let Amf1; Amf2; ::: be �xedpoints of �m. The set of steady states for Vm isthe set of all distributions on the set of �xed pointsfAmf1; Amf2; :::g. Let us take one of these distribu-tions, 
 = (
mf1; 
mf2; :::) (we mark the 
on
entrationsby the same indexes as the vertex has; other 
i = 0).To make a step of 
y
le restoration we sele
t thosevertexes Amfi that are glued 
y
les and substitutethem in the list Amf1; Amf2; ::: by all the verti
es ofthese 
y
les. For ea
h of those 
y
les we �nd the lim-iting rate 
onstant and redistribute the 
on
entra-tion 
mfi between the verti
es of the 
orrespondent
y
le by the rule (13) (with b = 
mfi). As a result, weget a set of verti
es and a distribution on this set ofverti
es. If among these verti
es there are glued 
y-
les, then we repeat the pro
edure of 
y
le restora-tion. Terminate when there is no glued 
y
les in thesupport of the distribution. The resulting distribu-tion is the approximation to a steady state of W ,and all steady states forW 
an be approximated bythis method.In order to 
onstru
t the approximation to thebasis of stationary distributions ofW , it is suÆ
ientto apply the des
ribed algorithm to distributions
on
entrated on a single �xed point Amfi, 
mfj = Æij ,for every i.The steady state approximation on the base of therule (13) is a linear fun
tion of the restored-and-
ut
y
les rate limiting 
onstants. It is the �rst orderapproximation.The zero order approximation also makes sense.For one 
y
le is gives (14): all the 
on
entration is
olle
ted at the start of the limiting step. The algo-rithm for the zero order approximation is even sim-pler than for the �rst order. Let us start from the dis-tributions 
on
entrated on a single �xed point Amfi,
mfj = Æij for some i. If this point is a glued 
y
lethen restore that 
y
le, and �nd the limiting step.The new distribution is 
on
entrated at the startingvertex of that step. If this vertex is a glued 
y
le,then repeat. If it is not then terminate. As a resultwe get a distribution 
on
entrated in one vertex ofA.4.3.3. Dominant kineti
 system for approximationof relaxationTo 
onstru
t an approximation to the relaxationpro
ess in the rea
tion network W , we also need torestore 
y
les, but for this purpose we should startfrom the whole glued network network Vm on Am(not only from �xed points as we did for the steady

state approximation). On a step ba
k, from the setAm to Am�1 and so on some of glued 
y
les shouldbe restored and 
ut. On ea
h step we build an a
y
li
rea
tion network, the �nal network is de�ned on theinitial vertex set and approximates relaxation ofW .To make one step ba
k from Vm let us sele
t theverti
es of Am that are glued 
y
les from Vm�1. Letthese verti
es be Am1 ; Am2 ; :::. Ea
h Ami 
orrespondsto a glued 
y
le from Vm�1, Am�1i1 ! Am�1i2 !:::Am�1i�i ! Am�1i1 , of the length �i. We assume thatthe limiting steps in these 
y
les areAm�1i�i ! Am�1i1 .Let us substitute ea
h vertex Ami in Vm by �i ver-ti
es Am�1i1 ; Am�1i2 ; :::Am�1i�i and add to Vm rea
tionsAm�1i1 ! Am�1i2 ! :::Am�1i�i (that are the 
y
le rea
-tions without the limiting step) with 
orrespondent
onstants from Vm�1.If there exists an outgoing rea
tion Ami ! B inVm then we substitute it by the rea
tion Am�1i�i !B with the same 
onstant, i.e. outgoing rea
tionsAmi ! ::: are reatta
hed to the heads of the limitingsteps. Let us rearrange rea
tions from Vm of theform B ! Ami . These rea
tions have prototypes inVm�1 (before the last gluing). We simply restorethese rea
tions. If there exists a rea
tion Ami ! Amjthen we �nd the prototype in Vm�1, A ! B, andsubstitute the rea
tion byAm�1i�i ! B with the same
onstant, as for Ami ! Amj .After that step is performed, the verti
es set isAm�1, but the rea
tion set di�ers from the rea
tionsof the network Vm�1: the limiting steps of 
y
les areex
luded and the outgoing rea
tions of glued 
y
lesare in
luded (reatta
hed to the heads of the limitingsteps). To make the next step, we sele
t verti
es ofAm�1 that are glued 
y
les from Vm�2, substitutethese verti
es by verti
es of 
y
les, delete the lim-iting steps, atta
h outgoing rea
tions to the headsof the limiting steps, and for in
oming rea
tions re-store their prototypes from Vm�2, and so on.After all, we restore all the glued 
y
les, and 
on-stru
t an a
y
li
 rea
tion network on the setA. Thisa
y
li
 network approximates relaxation of the net-work W . We 
all this system the dominant systemof W and use notation dommod(W).4.4. Example: a prism of rea
tionsLet us demonstrate work of the algorithm on atypi
al example, a prism of rea
tion that 
onsists oftwo 
onne
ted 
y
les (Fig. 2,3). Su
h systems appearin many areas of biophysi
s and bio
hemistry (see,for example, the paper of Kurzynski (1998)).25
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Fig. 2. Gluing of 
y
les for the prism of rea
tions witha given ordering of rate 
onstants in the 
ase of two at-tra
tors in the auxiliary dynami
al system: (a) initial re-a
tion network, (b) auxiliary dynami
al system that 
on-sists of two 
y
les, (
) 
onne
tion between 
y
les, (d) glu-ing 
y
les into new 
omponents, (e) network W1 withglued verti
es, (f) an example of dominant system inthe 
ase when k121 = k41k32=k21 and k121 > k112 (byde�nition, k121 = maxfk41k32=k21; k52; k63k32=k13g andk112 = k36k54=k46), the order of 
onstants in the dominantsystem is: k21 > k13 > k46 > k65 > k41k32=k21.For the �rst example we use the rea
tion rate 
on-stants ordering presented in Fig. 2a. For this order-ing, the auxiliary dynami
al system 
onsists of two
y
les (Fig. 2b) with the limiting 
onstants k54 andk32, 
orrespondingly. These 
y
les are 
onne
ted byfour rea
tion (Fig. 2
). We glue the 
y
les into new
omponents A11 and A12 (Fig. 2d), and the rea
tionnetwork is transformed intoA11 $ A12. Following thegeneral rule (k1 = kklim=kj), we determine the rate
onstants: for rea
tion A11 ! A12k121 = maxfk41k32=k21; k52; k63k32=k13g;and for rea
tion A12 ! A11k112 = k36k54=k46:There are six possible orderings of the 
onstant
ombinations: three possibilities for the 
hoi
e of k121and for ea
h su
h a 
hoi
e there exist two possibili-ties: k121 > k112 or k121 < k112.The zero order approximation of the steady statedepends only on the sign of inequality between k121and k112. If k121 � k112 then almost all 
on
entrationin the steady state is a

umulated inside A12. Afterrestoring the 
y
le A4 ! A5 ! A6 ! A4 we �ndthat in the steady state almost all 
on
entration isa

umulated in A4 (the 
omponent at the beginningof the limiting step of this 
y
le, A4 ! A5). Finally,

the eigenve
tor for zero eigenvalue is estimated asthe ve
tor 
olumn with 
oordinates (0; 0; 0; 1; 0; 0).If, inverse, k121 � k112 then almost all 
on
entra-tion in the steady state is a

umulated insideA11. Af-ter restoring the 
y
leA1 ! A2 ! A3 ! A1 we �ndthat in the steady state almost all 
on
entration isa

umulated in A2 (the 
omponent at the beginningof the limiting step of this 
y
le, A2 ! A3). Finally,the eigenve
tor for zero eigenvalue is estimated asthe ve
tor 
olumn with 
oordinates (0; 1; 0; 0; 0; 0).Let us �nd the �rst order (in rate limiting 
on-stants) approximation to the steady states. If k121 �k112 then k112 is the rate limiting 
onstant for the 
y
leA11 $ A12 and almost all 
on
entration in the steadystate is a

umulated inside A12: 
12 � 1 � k112=k121and 
11 � k112=k121. Let us restore the glued 
y
les(Fig. 2). In the upper 
y
le the rate limiting 
on-stant is k32, hen
e, in steady state almost all 
on
en-tration of the upper 
y
le, 
11, is a

umulated in A2:
2 � 
11(1� k32=k13 � k32=k21), 
3 � 
11k32=k13, and
1 � 
11k32=k21. In the bottom 
y
le the rate limiting
onstant is k54, hen
e, 
4 � 
12(1�k54=k65�k54=k46),
5 � 
12k54=k65 and 
6 � 
12k54=k46.If, inverse, k121 � k112 then k121 is the rate limiting
onstant for the 
y
le A11 $ A12 and almost all 
on-
entration in the steady state is a

umulated insideA11: 
11 � 1�k121=k112 and 
12 � k121=k112. For distribu-tions of 
on
entrations in the upper and lover 
y
lesonly the prefa
tors 
11, 
12 
hange their values.For analysis of relaxation, let us analyze one ofthe six parti
ular 
ases separately.1. k121 = k41k32=k21 and k121 > k112.In this 
ase, the �nite a
y
li
 auxiliary dynami
alsystem, �m = �1, is A11 ! A12 with rea
tion rate
onstant k121 = k41k32=k21, andW1 is A11 $ A12. Werestore both 
y
les and delete the limiting rea
tionsA2 ! A3 and A4 ! A5. This is the 
ommon stepfor all 
ases. Following the general pro
edure, wesubstitute the rea
tion A11 ! A12 by A2 ! A4 withthe rate 
onstant k121 = k41k32=k21 (be
ause A2 isthe head of the limiting step for the 
y
le A1 !A2 ! A3 ! A1, and the prototype of the rea
tionA11 ! A12 is in that 
ase A1 ! A4.We �nd the dominant system for relaxation de-s
ription: rea
tions A3 ! A1 ! A2 and A5 !A6 ! A4 with original 
onstants, and rea
tionA2 ! A4 with the rate 
onstant k121 = k41k32=k21.This dominant system graph is a
y
li
 and, more-over, represents a dis
rete dynami
al system, as itshould be (not more than one outgoing rea
tion forany 
omponent). Therefore, we 
an estimate theeigenvalues and eigenve
tors on the base of formulas26



(35), (37). It is easy to determine the order of 
on-stants be
ause k121 = k41k32=k21: this 
onstant is thesmallest nonzero 
onstant in the obtained a
y
li
system. Finally, we have the following ordering of
onstants: A3!3 A1!1 A2!5 A4, A5!4 A6!2 A4.So, the eigenvalues of the prism of rea
tion forthe given ordering are (with high a

ura
y, withprobability 
lose to one) �k21 < �k46 < �k13 <�k65 < �k41k32=k21. The relaxation time is � �k21=(k41k32).We use the same notations as in previous se
tions:eigenve
tors li and ri 
orrespond to the eigenvalue��i, where �i is the rea
tion rate 
onstant for therea
tion Ai ! ::: . The left eigenve
tors li are:l1 � (1; 0; 0; 0; 0; 0); l2 � (1; 1; 1; 0; 0; 0);l3 � (0; 0; 1; 0; 0; 0); l4 � (1; 1; 1; 1; 1; 1);l5 � (0; 0; 0; 0; 1; 0); l6 � (0; 0; 0; 0; 0; 1): (51)The right eigenve
tors ri are (we represent ve
tor
olumns as rows):r1 � (1;�1; 0; 0; 0; 0); r2 � (0; 1; 0;�1; 0; 0);r3 � (0;�1; 1; 0; 0; 0); r4 � (0; 0; 0; 1; 0; 0);r5 � (0; 0; 0;�1; 1; 0); r6 � (0; 0; 0;�1; 0; 1) (52)The vertex A4 is the �xed point for the dis
rete dy-nami
al system. There is no rea
tion A4 ! ::: . For
onvenien
e, we in
lude the eigenve
tors l4 and r4for zero eigenvalue, �4 = 0. These ve
tors 
orre-spond to the steady state: r4 is the steady state ve
-tor, and the fun
tional l4 is the 
onservation law.The 
orrespondent approximation to the generalsolution of the kineti
 equation for the prism of re-a
tion (Fig. 2a) is:
(t) = 6Xi=1 ri(li; 
(0)) exp(��it): (53)Analysis of other �ve parti
ular 
ases is similar. Of
ourse, some of the eigenve
tors and eigenvalues 
andi�er.Of 
ourse, di�erent ordering 
an lead to very dif-ferent approximations. For example, let us 
onsiderthe same prism of rea
tions, but with the orderingof 
onstants presented in Fig. 3a. The auxiliary dy-nami
al system has one 
y
le (Fig. 3b) with the lim-iting 
onstant k36. This 
y
le is not a sink to theinitial network, there are outgoing rea
tions fromits verti
es (Fig. 3
). After gluing, this 
y
les trans-forms into a vertex A11 (Fig. 3d). The glued net-work, W1 (Fig. 3e), has two verti
es, A4 and A11the rate 
onstant for the rea
tion A4 ! A11 is k54,and the rate 
onstant for the rea
tion A11 ! A4
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9 (#5)Fig. 3. Gluing of a 
y
le for the prism of rea
tions with a givenordering of rate 
onstants in the 
ase of one attra
tors in theauxiliary dynami
al system: (a) initial rea
tion network, (b)auxiliary dynami
al system that has one attra
tor, (
) outgo-ing rea
tions from a 
y
le, (d) gluing of a 
y
le into new 
om-ponent, (e) network W1 with glued verti
es, (f) an exampleof dominant system in the 
ase when k1 = k46, and, there-fore k1 > k54 (by de�nition, k1 = maxfk41k36=k21; k46g);this dominant system is a linear 
hain that 
onsists of somerea
tions from the initial system (no nontrivial monomialsamong 
onstants). Only one rea
tion rate 
onstant has inthe dominant system new number (number 5 instead of 9).is k1 = maxfk41k36=k21; k46g. Hen
e, there are notmore than four possible versions: two possibilitiesfor the 
hoi
e of k1 and for ea
h su
h a 
hoi
e thereexist two possibilities: k1 > k54 or k1 < k54 (one ofthese four possibilities 
annot be realized, be
ausek46 > k54)).Exa
tly as it was in the previous example, thezero order approximation of the steady state de-pends only on the sign of inequality between k1 andk54. If k1 � k54 then almost all 
on
entration in thesteady state is a

umulated inside A1. After restor-ing the 
y
le A3 ! A1 ! A2 ! A5 ! A6 ! A3 we�nd that in the steady state almost all 
on
entrationis a

umulated in A6 (the 
omponent at the begin-ning of the limiting step of this 
y
le, A6 ! A3).The eigenve
tor for zero eigenvalue is estimated asthe ve
tor 
olumn with 
oordinates (0; 0; 0; 0; 0; 1).If k1 � k54 then almost all 
on
entration in thesteady state is a

umulated inside A4. This vertex isnot a glued 
y
le, and immediately we �nd the ap-proximate eigenve
tor for zero eigenvalue, the ve
-tor 
olumn with 
oordinates (0; 0; 0; 1; 0; 0).Let us �nd the �rst order (in rate limiting 
on-stants) approximation to the steady states. If k1 �k54 then k1 is the rate limiting 
onstant for the 
y
leA11 $ A4 and almost all 
on
entration in the steadystate is a

umulated inside A11: 
11 � 1� k1=k54 and27




4 � k1=k54. Let us restore the glued 
y
le (Fig. 3).The limiting 
onstant for that 
y
le is k36, 
6 �
11(1� k36=k13 � k36=k21 � k36=k52 � k36=k65), 
3 �
11k36=k13, 
1 � 
11k36=k21, 
2 � 
11k36=k52, and 
5 �
11k36=k65.If k1 � k54 then k54 is the rate limiting 
onstantfor the 
y
le A11 $ A4 and almost all 
on
entra-tion in the steady state is a

umulated inside A4:
4 � 1� k54=k1 and 
11 � k54=k1. In distribution of
on
entration inside the 
y
le only the prefa
tor 
11
hanges.Let us analyze the relaxation pro
ess for one of thepossibilities: k1 = k46, and, therefore k1 > k54. Werestore the 
y
le, delete the limiting step, transformthe rea
tion A11 ! A4 into rea
tion A6 ! A4 withthe same 
onstant k1 = k46 and get the 
hain withordered 
onstants: A3!3 A1!1 A2!4 A5!2 A6!5 A4.Here the nonzero rate 
onstants kij have the samevalue as for the initial system (Fig. 3a). The re-laxation time is � � 1=k46. Left eigenve
tors are(in
luding l4 for the zero eigenvalue):l1 � (1; 0; 0; 0; 0; 0); l2 � (1; 1; 1; 0; 0; 0);l3 � (0; 0; 1; 0; 0; 0); l4 � (1; 1; 1; 1; 1; 1);l5 � (0; 0; 0; 0; 1; 0); l6 � (1; 1; 1; 0; 1; 1): (54)Right eigenve
tors are (in
luding r4 for the zeroeigenvalue):r1 � (1;�1; 0; 0; 0; 0); r2 � (0; 1; 0; 0; 0;�1);r3 � (0;�1; 1; 0; 0; 0); r4 � (0; 0; 0; 1; 0; 0);r5 � (0; 0; 0; 0; 1;�1); r6 � (0; 0; 0;�1; 0; 1): (55)Here we represent ve
tor 
olumns as rows.For the approximation of relaxation in that orderwe 
an use (53).5. The reversible triangle of rea
tions: thesimple example 
ase studyIn this se
tion, we illustrate the analysis of dom-inant systems on a simple example, the reversibletriangle of rea
tions.A1 $ A2 $ A3 $ A1 : (56)This triangle appeared in many works as an idealobje
t for a 
ase study. Our favorite example is thework of Wei & Prater (1962). Now in our study thetriangle (56) is not obligatory a 
losed system. We
an assume that it is a subsystem of a larger sys-tem, and any rea
tion Ai ! Aj represents a rea
-tion of the form : : :+Ai ! Aj+ : : :, where unknownbut slow 
omponents are substituted by dots. This
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AttractorsFig. 4. Four possible auxiliary dynami
al systems for the re-versible triangle of rea
tions with k21 > kij for (i; j) 6= (2; 1):(a) k12 > k32, k23 > k13; (b) k12 > k32, k13 > k23; (
)k32 > k12, k23 > k13; (d) k32 > k12, k13 > k23. For ea
hvertex the outgoing rea
tion with the largest rate 
onstantis represented by the solid bold arrow, and other rea
tionsare represented by the dashed arrows. The digraphs formedby solid bold arrows are the auxiliary dis
rete dynami
alsystems. Attra
tors of these systems are isolated in frames.means that there are no obligatory relations betweenrea
tion rate 
onstants, �rst of all, no detailed bal-an
e relations, and six rea
tion rate 
onstants arearbitrary nonnegative numbers.There exist 6! = 720 orderings of six rea
tion rate
onstants for this triangle, but, of 
ourse, it is notne
essary to 
onsider all these orderings. First ofall, be
ause of the permutation symmetry, we 
ansele
t an arbitrary rea
tion as the fastest one. Letthe rea
tion rate 
onstant k21 for the rea
tion A1 !A2 is the largest. (If it is not, we just have to 
hangethe enumeration of reagents.)First of all, let us des
ribe all possible auxiliary dy-nami
al systems for the triangle (56). For ea
h ver-tex, we have to sele
t the fastest outgoing rea
tion.For A1, it is always A1 ! A2, be
ause of our 
hoi
eof enumeration (the higher s
heme in Fig. 4). Thereexist two 
hoi
es of the fastest outgoing rea
tion fortwo other verti
es and, therefore, only four versionsof auxiliary dynami
al systems for (56) (Fig. 4).Be
ause of the 
hoi
e of enumeration, the ve
-tors of logarithms of rea
tion rate 
onstants forma 
onvex 
one in R6 whi
h is des
ribed by the sys-tem of inequalities ln k21 > ln kij , (i; j) 6= (2; 1).For ea
h of the possible auxiliary systems (Fig 4)additional inequalities between 
onstants shouldbe valid, and we get four 
orrespondent 
ones inR6. This 
ones form a partitions of the initial one(we negle
t interse
tions of fa
es whi
h have zeromeasure). Let us dis
uss the typi
al behaviour ofsystems from this 
ones separately. (Let us remindthat if in a 
one for some values of 
oeÆ
ients �ij ,�ij Pij �ij ln kij < Pij �ij ln kij , then, typi
ally inthis 
one Pij �ij ln kij < K +Pij �ij ln kij for any28



positive K. This means that typi
ally Qij k�ijij �Qij k�ijij .)5.1. Auxiliary system (a): A1 $ A2  A3;k12 > k32, k23 > k135.1.1. Gluing 
y
lesThe attra
tor is a 
y
le (with only two verti
es)A1 $ A2. This is not a sink, be
ause two outgoingrea
tions exist: A1 ! A3 and A2 ! A3. They arerelatively slow: k31 � k21 and k32 � k12. The limit-ing step in this 
y
le is A2 ! A1 with the rate 
on-stant k12. We have to glue the 
y
le A1 $ A2 intoone new 
omponent A11 and to add a new rea
tionA11 ! A3 with the rate 
onstantk131 = maxfk32; k31k12=k21g : (57)This is a parti
ular 
ase of (46), (47).As a result, we get a new system, A11 $ A3 withrea
tion rate 
onstants k131 (forA11 ! A3) and initialk23 (for A11  A3). This 
y
le is a sink, be
auseit has no outgoing rea
tions (the whole system is atrivial example of a sink).5.1.2. Steady statesTo �nd the steady state, we have to 
ompute thestationary 
on
entrations for the 
y
le A11 $ A3, 
11and 
3.We use the standard normalization 
ondition
11 + 
3 = 1. On the base of the general formula fora simple 
y
le (11) we obtain:w = 11k131 + 1k23 ; 
11 = wk131 ; 
3 = wk23 : (58)After that, we 
an 
al
ulate the 
on
entrations ofA1 and A2 with normalization 
1+
2 = 
11. Formula(11) gives:w0 = 
111k21 + 1k12 ; 
1 = w0k21 ; 
2 = w0k12 : (59)We 
an simplify the answer using inequalities be-tween 
onstants, as it was done in formulas (12),(13). For example, 1k21 + 1k12 � 1k12 , be
ause k21 �k12. It is ne
essary to stress that we have used theinequalities between 
onstants k21 > kij for (i; j) 6=(2; 1), k12 > k32, and k23 > k13 to obtain the simpleanswer (58), (59), hen
e if we even do not use theseinequalities for the further simpli�
ation, this doesnot guarantee the higher a

ura
y of formulas.
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23kFig. 5. Dominant systems for 
ase (a) (de�ned in Fig. 4)5.1.3. Eigenvalues and eigenve
torsAt the next step, we have to restore and 
ut the
y
les. First 
y
le to 
ut is the result of 
y
le gluing,A11 $ A3. It is ne
essary to delete the limiting step,i.e. the rea
tion with the smallest rate 
onstant. Ifk131 > k23, then we get A11 ! A3. If, inverse, k23 >k131, then we obtain A11  A3.After that, we have to restore and 
ut the 
y
lewhi
h was glued into the vertex A11. This is the two-verti
es 
y
le A1 $ A2. The limiting step for this
y
le is A1  A2, be
ause k21 � k12. If k131 > k23,then following the rule visualized by Fig. 1, we getthe dominant system A1 ! A2 ! A3 with rea
tionrate 
onstants k21 for A1 ! A2 and k131 for A2 !A3. If k23 > k131 then we obtainA1 ! A2  A3 withrea
tion rate 
onstants k21 for A1 ! A2 and k23 forA2  A3. All the pro
edure is illustrated by Fig. 5.The eigenvalues and the 
orrespondent eigenve
-tors for dominant systems in 
ase (a) are representedbelow in zero-one asymptoti
.(i) k131 > k23, the dominant system A1 ! A2 !A3,�0 = 0 ; r0 � (0; 0; 1) ; l0 = (1; 1; 1) ;�1 � �k21 ; r1 � (1;�1; 0) ; l1 � (1; 0; 0) ;�2 � �k131 ; r2 � (0; 1;�1) ; l2 � (1; 1; 0) ;(60)(ii) k23 > k131, the dominant system A1 ! A2  A3,�0 = 0 ; r0 � (0; 1; 0) ; l0 = (1; 1; 1) ;�1 � �k21 ; r1 � (1;�1; 0) ; l1 � (1; 0; 0) ;�2 � �k23 ; r2 � (0;�1; 1) ; l2 � (0; 0; 1) :(61)Here, the value of k131 is given by formula (57).With higher a

ura
y, in 
ase (a)r0 � � w0k21 ; w0k12 ; wk23� ; (62)where29
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13kFig. 6. Dominant systems for 
ase (b) (de�ned in Fig. 4)w = 11k131 + 1k23 ; w0 = 
111k21 + 1k12 ; 
11 = wk131 ;in a

ording to (58), (59).5.2. Auxiliary system (b): A3 ! A1 $ A2;k12 > k32, k13 > k235.2.1. Gluing 
y
lesThe attra
tor is a 
y
le A1 $ A2 again, and thisis not a sink. We have to glue the 
y
leA1 $ A2 intoone new 
omponent A11 and to add a new rea
tionA11 ! A3 with the rate 
onstant k131 given by formula(57). As a result, we get an new system, A11 $ A3with rea
tion rate 
onstants k131 (for A11 ! A3) andinitial k13 (for A11  A3). At this stage, the onlydi�eren
e from the 
ase (a) is the rea
tion A11  A3rate 
onstant k13 instead of k23.5.2.2. Steady statesFor the steady states we have to repeat formulas(58) (59) with minor 
hanges (just use k13 insteadof k23):w = 11k131 + 1k13 ; 
11 = wk131 ; 
3 = wk13 ;w0 = 
111k21 + 1k12 ; 
1 = w0k21 ; 
2 = w0k12 : (63)5.2.3. Eigenvalues and eigenve
torsThe stru
ture of the dominant system depends onthe limiting step of the 
y
le A11 $ A3 (Fig. 6). Ifk131 > k13, then in the dominant system remains therea
tion A11 ! A3 from this 
y
le. After restoringthe glued 
y
le A1 $ A2 it is ne
essary to delete theslowest rea
tion from this 
y
le too. This is alwaysA1  A2, be
ause A1 ! A2 is the fastest rea
tion.The rea
tion A11 ! A3 transforms into A2 ! A3,be
ause A2 is the head of the limiting step A1  A2(see Fig. 1). Finally, we get A1 ! A2 ! A3.

If k13 > k131, then then in the dominant systemremains the rea
tion A3 ! A1, and the dominantsystem is A3 ! A1 ! A2 (Fig. 6).The eigenvalues and the 
orrespondent eigenve
-tors for dominant systems in 
ase (b) are representedbelow in zero-one asymptoti
.(i) k131 > k13, the dominant system A1 ! A2 !A3,�0 = 0 ; r0 � (0; 0; 1) ; l0 = (1; 1; 1) ;�1 � �k21 ; r1 � (1;�1; 0) ; l1 � (1; 0; 0) ;�2 � �k131 ; r2 � (0; 1;�1) ; l2 � (1; 1; 0) ;(64)(ii) k13 > k131, the dominant system A3 ! A1 !A2,�0 = 0 ; r0 � (0; 1; 0) ; l0 = (1; 1; 1) ;�1 � �k21 ; r1 � (1;�1; 0) ; l1 � (1; 0; 0) ;�2 � �k13 ; r2 � (0;�1; 1) ; l2 � (0; 0; 1) :(65)Here, the value of k131 is given by formula (57). Theonly di�eren
e from 
ase (a) is the rate 
onstant k23instead of k13.With higher a

ura
y, in 
ase (b)r0 � � w0k21 ; w0k12 ; wk13� ; (66)where w and w0 are given by formula (63).5.3. Auxiliary system (
): A1 ! A2 $ A3;k32 > k12, k23 > k135.3.1. Gluing 
y
lesThe attra
tor is a 
y
le A2 $ A3. This is not asink, be
ause two outgoing rea
tions exist:A2 ! A1and A3 ! A1. We have to glue the 
y
le A2 $ A3into one new 
omponent A12 and to add a new rea
-tionA12 ! A1 with the rate 
onstant k112. The de�ni-tion of this new 
onstant depends on normalized thesteady-state distribution in this 
y
le. If 
�2, 
�3 arethe steady-state 
on
entrations (with normalization
�2 + 
�3 = 1), thenk112 � maxfk12
�2; k13
�3g:If we use limitation in the glued 
y
le expli
itly, thenwe get the dire
t analogue of (57) in two versions:one for k32 > k23, another for k23 > k32. But we 
anskip this simpli�
ation and writek112 � maxfk12w�=k32; k13w�=k23g; (67)30
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21kFig. 7. Dominant systems for 
ase (
) (de�ned in Fig. 4)where w� = 11k32 + 1k23 :5.3.2. Steady statesExa
tly as in the 
ases (a) and (b) we 
an �ndapproximation of steady state using steady states in
y
les A1 $ A12 and A2 $ A3:w = 11k112 + 1k21 ; 
12 = wk112 ; 
1 = wk21 ;w0 = 
121k32 + 1k23 ; 
2 = w0k32 ; 
3 = w0k23 : (68)5.3.3. Eigenvalues and eigenve
torsThe limiting step in the 
y
le A1 $ A12 in known,this is A1  A12. There are two possibilities for the
hoi
e on limiting step in the 
y
le A2 $ A3. Ifk32 > k23, then this limiting step is A2  A3, andthe dominant system is A1 ! A2 ! A3. If k23 >k32, then the dominant system is A1 ! A2  A3(Fig. 7).The eigenvalues and the 
orrespondent eigenve
-tors for dominant systems in 
ase (b) are representedbelow in zero-one asymptoti
.(i) k32 > k23, the dominant system A1 ! A2 !A3,�0 = 0 ; r0 � (0; 0; 1) ; l0 = (1; 1; 1) ;�1 � �k21 ; r1 � (1;�1; 0) ; l1 � (1; 0; 0) ;�2 � �k32 ; r2 � (0; 1;�1) ; l2 � (1; 1; 0) ;(69)(ii) k23 > k32, the dominant system A1 ! A2  A3,�0 = 0 ; r0 � (0; 1; 0) ; l0 = (1; 1; 1) ;�1 � �k21 ; r1 � (1;�1; 0) ; l1 � (1; 0; 0) ;�2 � �k23 ; r2 � (0;�1; 1) ; l2 � (0; 0; 1) :(70)With higher a

ura
y the value of r0 is given byformula of the steady state 
on
entrations (68).

5.4. Auxiliary system (d): A1 ! A2 ! A3 ! A1;k32 > k12, k13 > k23This is a simple 
y
le. We dis
ussed this 
ase indetails several times. To get the dominant systemit is suÆ
ient just to delete the limiting step. Ev-erything is determined by the 
hoi
e of the mini-mal 
onstant in the 
ouple fk32; k13g. Formulas forsteady state are well known too: (11), (12), (13).This is not ne
essary to dis
uss all orderings of
onstants, be
ause some of them are irrelevant tothe �nal answer. For example, in this 
ase (d) in-terrelations between 
onstants k31, k23, and k12 arenot important.5.5. Resume: zero-one multis
ale asymptoti
 forthe reversible rea
tion triangleWe found only three topologi
ally di�erent ver-sion of dominant systems for the reversible rea
tiontriangle: (i) A1 ! A2 ! A3, (ii) A1 ! A2  A3,and (iii) A3 ! A1 ! A2. Moreover, there exist onlytwo versions of zero-one asymptoti
 for eigenve
tors:the fastest eigenvalue is always �k21 (be
ause our
hoi
e of enumeration), the 
orrespondent right andleft eigenve
tors (fast mode) are: r1 � (1;�1; 0),l1 = (1; 0; 0). (The di�eren
e between systems (ii)and (iii) appears in the �rst order of the slow/fast
onstants ratio.)If in the steady state (almost) all mass is 
on
en-trated in A2 (this means that r0 � (0; 1; 0), dom-inant systems (i) or (ii)), then r2 � (0;�1; 1) andl2 � (0; 0; 1). If in the steady state (almost) allmass is 
on
entrated in A3 (this means that r0 �(0; 0; 1), dominant system (i)), then r2 � (0; 1;�1)and l2 � (0; 1; 0). We 
an see that the dominantsystems of the forms (ii) and (iii) produ
e the samezero-one asymptoti
 of eigenve
tors. Moreover, theright eigenve
tors r2 =� (0; 1;�1) 
oin
ide for all
ases (there is no di�eren
e between r2 and �r2),and the di�eren
e appears in the left eigenve
tor l2.Of 
ourse, this pe
uliarity (everything is regulatedby the steady state asymptoti
) results from the sim-pli
ity of this example.In the zero-one asymptoti
, the reversible rea
tiontriangle is represented by one of the rea
tion me
h-anisms, (i) or (iii). The rate 
onstant of the �rst re-a
tion A1 ! A2 is always k12. The dire
tion of these
ond rea
tion is determined by a system of linearuniform inequalities between logarithms of rate 
on-stants. The logarithm of e�e
tive 
onstant of this31



rea
tion is the pie
ewise linear fun
tion of the log-arithms of rea
tion rate 
onstants, and the swit
h-ing between di�erent pie
es is regulated by linearinequalities. These inequalities are des
ribed in thisse
tion, and most of them are represented in Figs. 4-7. One 
an obtain the �rst-order approximation ofeigenve
tors in the slow/fast 
onstants ratio fromthe Appendix 1 formulas.6. Three zero-one laws and nonequilibriumphase transitions in multis
ale systems6.1. Zero-one law for steady states of weakly ergodi
rea
tion networksLet us take a weakly ergodi
 network W and ap-ply the algorithms of auxiliary systems 
onstru
tionand 
y
les gluing. As a result we obtain an auxiliarydynami
 system with one �xed point (there may beonly one minimal sink). In the algorithm of steadystate re
onstru
tion (Subse
. 4.3) we always operatewith one 
y
le (and with small auxiliary 
y
les in-side that one, as in a simple example in Subse
. 2.9).In a 
y
le with limitation almost all 
on
entrationis a

umulated at the start of the limiting step (13),(14). Hen
e, in the whole network almost all 
on
en-tration will be a

umulated in one 
omponent. Thedominant system for a weekly ergodi
 network is ana
y
li
 network with minimal element. The minimalelement is su
h a 
omponent Amin that there existsa oriented path in the dominant system from anyelement to Amin. Almost all 
on
entration in thesteady state of the networkW will be 
on
entratedin the 
omponent Amin.6.2. Zero-one law for nonergodi
 multis
alenetworksThe simplest example of nonergodi
 but 
on-ne
ted rea
tion network is A1  A2 ! A3 withrea
tion rate 
onstants k1; k2. For this network, inaddition to b0(
) = 
1 + 
2 + 
3 a kineti
 
onserva-tion law exist, bk(
) = 
1k1 � 
3k2 . The result of timeevolution, limt!1 exp(Kt)
 (30), is des
ribed bysimple formula (31):limt!1 exp(Kt)
 = b1(
)(1; 0; 0) + b2(
)(0; 1; 1);where b1(
) + b2(
) = b0(
) and k1+k2k1 b1(
) �k1+k2k2 b2(
) = bk(
). If k1 � k2 then b1(
) � 
1 + 
2and b2(
) � 
3. If k1 � k2 then b1(
) � 
1 and

b2(
) � 
2 + 
3. This simple zero-one law (eitheralmost all amount of A2 transforms into A1, or al-most all amount of A2 transforms into A3) 
an begeneralized onto all nonergodi
 multis
ale systems.Let us take a multis
ale network and perform theiterative pro
ess of auxiliary dynami
 systems 
on-stru
tion and 
y
le gluing, as it is pres
ribed in Sub-se
. 4.3. After the �nal step the algorithm gives thedis
rete dynami
al system�m with �xed pointsAmfi.The �xed pointsAmfi of the dis
rete dynami
al sys-tem �m are the glued ergodi
 
omponents Gi � Aof the initial network W . At the same time, thesepoints are attra
tors of �m. Let us 
onsider the 
or-respondent de
omposition of this system with parti-tion Am = [iAtt(Amfi). In the 
y
le restoration dur-ing 
onstru
tion of dominant system dommod(W)this partition transforms into partition of A: A =[iUi, Att(Amfi) transforms into Ui and Gi � Ui (andUi transforms into Att(Amfi) in hierar
hi
al gluing of
y
les).It is straightforward to see that during 
onstru
-tion of dominant systems for W from the networkVm no 
onne
tion between Ui are 
reated. There-fore, the rea
tion network dommod(W) is a union ofnetworks on sets Ui without any link between sets.If G1; : : :Gm are all ergodi
 
omponents of thesystem, then there existm independent positive lin-ear fun
tionals b1(
), ... bm(
) that des
ribe asymp-toti
al behaviour of kineti
 system when t ! 1(30). For dommod(W) these fun
tionals are: bl(
) =PA2Ul 
A where 
A is 
on
entration ofA. Hen
e, forthe initial rea
tion network W with well separated
onstants bl(
) � XA2Ul 
A: (71)This is the zero{one law for multis
ale networks: forany l; i, the value of fun
tional bl (30) on basis ve
torei, bl(ei), is either 
lose to one or 
lose to zero (withprobability 
lose to 1). We already mentioned thislaw in dis
ussion of a simple example (31). The ap-proximate equality (71) means that for ea
h reagentA 2 A there exists su
h an ergodi
 
omponent G ofW that A transforms when t ! 1 preferably intoelements of G even if there exist paths from A toother ergodi
 
omponents ofW .6.3. Dynami
 limitation and ergodi
ity boundaryDominant systems are a
y
li
. All the stationaryrates in the �rst order are limited by limiting stepsof some 
y
les. Those 
y
les are glued in the hier-32



ar
hi
al 
y
le gluing pro
edure, and their limitingsteps are deleted in the 
y
les surgery pro
edures(see Subse
. 4.3 and Fig. 1).Relaxation to steady state of the network is multi-exponential, and now we are interested in estimateof the longest relaxation time � :� = 1=minf�Re�ij�i 6= 0g (72)Is there a 
onstant that limits the relaxation time?The general answer for multis
ale system is: 1=� isequal to the minimal rea
tion rate 
onstant of thedominant system. It is impossible to guess a priori,before 
onstru
tion of the dominant system, whi
h
onstant it is. Moreover, this may be not a rate 
on-stant for a rea
tion from the initial network, but amonomial of su
h 
onstants.Nevertheless, sometimes it is possible to point therea
tion rate 
onstant that is limiting for the re-laxation in the following sense. For known topologyof rea
tion network and given ordering of rea
tionrate 
onstants we �nd su
h a 
onstant (ergodi
ityboundary) k� that � � 1ak� ; (73)with a . 1 is a fun
tion of 
onstants kj > k� . Thismeans that 1=k� gives the lower estimate of the re-laxation time, but � 
ould be larger. In addition, weshow that there is a zero-one alternative too: if the
onstants are well separated then either a � 1 ora� 1.We study a multis
ale system with a given rea
-tion rate 
onstants ordering, kj1 > kj2 > : : : > kjn .Let us suppose that the network is weakly ergodi
(when there are several ergodi
 
omponents, ea
hone has its longest relaxation time that 
an be foundindependently). We say that kjr , 1 � r � n is the er-godi
ity boundary k� if the network of rea
tions withparameters kj1 ; kj2 ; : : : ; kjr (when kjr+1 = :::kjn =0) is weakly ergodi
, but the network with parame-ters kj1 ; kj2 ; : : : ; kjr�1 (when kjr = kjr+1 = :::kjn =0) it is not. In other words, when eliminating re-a
tions in de
reasing order of their 
hara
teristi
times, starting with the slowest one, the ergodi
ityboundary is the 
onstant of the �rst rea
tion whoseelimination breaks the ergodi
ity of the rea
tion di-graph. This rea
tion we also 
all the \ergodi
ityboundary".Let us des
ribe the possible lo
ation of the er-godi
ity boundary in the general multis
ale rea
-tion network (W). After deletion of rea
tions with
onstants kjr ; kjr+1 ; :::kjn from the network two er-

a)  ε 
 A2  A3 

 k2 

  A1 
 k1 b)  k1 

 ε 
 A2  A3 

 k2 

  A1 Fig. 8. Two basi
 examples of ergodi
ity boundary rea
tion:(a) Conne
tion between ergodi
 
omponents; (b) Conne
tionfrom one ergodi
 
omponent to element that is 
onne
tedto the both ergodi
 
omponents by oriented paths. In both
ases, for " = 0, the ergodi
 
omponents are fA2g and fA3g.godi
 
omponents (minimal sinks) appear, G1 andG2. The ergodi
ity boundary starts in one of the er-godi
 
omponents, say G1, and ends at the su
h areagent B that another ergodi
 
omponent, G2, isrea
hable by B (there exists an oriented path fromB to some element of G2).An estimate of the longest relaxation time 
anbe obtained by applying the perturbation theoryfor linear operators to the degenerated 
ase of thezero eigenvalue of the matrix K. We have K =K<r(kj1 ; kj2 ; : : : ; kjr�1) + kjrQ+ o(kr), where K<ris obtained from K by letting kr = kr+1 = : : : kn =0, Q is a 
onstant matrix of rank 1, and o(kr) in-
ludes terms that are negligible relative to kr. Thezero eigenvalue is twi
e degenerate in K<r and notdegenerate inK<r+krQ. One gets the following es-timate: a 1k� � � � a 1k� ; (74)where a; a > 0 are some positive fun
tions ofk1; k2; : : : ; kr�1 (and of the rea
tion graph topol-ogy).Two simplest examples demonstrate two types ofdependen
ies of � on k� :(i) For the rea
tion me
hanism Fig. 8amin�6=0f�Re�g = ";if " < k1 + k2.(ii) For the rea
tion me
hanism Fig. 8bmin�6=0f�Re�g = "k2=(k1 + k2) + o(");if " < k1 + k2. For well separated parametersthere exists a zero-one (trigger) alternative: ifk1 � k2 then min�6=0f�Re�g � "; if, inverse,k1 � k2 then min�6=0f�Re�g = o(").In general multis
ale network, two type of obsta-
les 
an violate approximate equality � � 1=k� . Fol-lowing the zero-one law for nonergodi
 multis
alenetworks (previous subse
tion) we 
an split the setof all verti
es into two subsets, U1 and U2. The dom-inant rea
tion network dommod(W) is a union ofnetworks on sets U1;2 without any link between sets.33



If the ergodi
ity boundary rea
tion starts in theergodi
 
omponent G1 and ends at B whi
h doesnot belong to the \opposite" basin of attra
tion U2,then � � 1=k� . This is the �rst possible obsta
le.Let the ergodi
ity boundary rea
tion start at A 2G1 and end atB 2 U2. We de�ne the maximal linear
hain of rea
tions in dominant system with start atB: B ! ::: . This 
hain belongs to U2. Let us extendthis 
hain from the left by the ergodi
ity bound-ary: A ! B ! ::: . Relaxation time for the net-work of r rea
tions (with the kineti
 matrix K�r =K<r(kj1 ; kj2 ; : : : ; kjr�1) + kjrQ) is, approximately,the relaxation time of this 
hain, i.e. 1=k, where kis the minimal 
onstant in the 
hain. There may ap-pear a monomial 
onstant k � k� . In that 
ase,� � 1=k� , and relaxation is limited by this mini-mal k or by some of 
onstants kjp , p > r or by someof their 
ombinations. This existen
e of a monomial
onstant k � k� in the maximal 
hain A ! B !::: from the dominant system is the se
ond possibleobsta
le for approximate equality � � 1=k� .If there is neither the �rst obsta
le, nor the se
ondone, then � � 1=k� . The possibility of these obsta-
les depends on the de�nition of multis
ale ensem-bles we use. For example for the log-uniform distri-bution of rate 
onstants in the ordering 
one kj1 >kj2 > : : : > kjn (Se
. 3) the both obsta
les havenonzero probability, if they are topologi
ally possi-ble. On the other hand, if we study asymptoti
 of re-laxation time at �! 0 for kir = �kjr�1 for given val-ues of kj1 ; kj2 ; : : : ; kjr�1, then for suÆ
iently small� > 0 the se
ond obsta
le is impossible.Thus, the well known 
on
ept of stationary rea
-tion rates limitation by \narrow pla
es" or \limitingsteps" (slowest rea
tion) should be 
omplementedby the ergodi
ity boundary limitation of relaxationtime. It should be stressed that the relaxation pro-
ess is limited not by the 
lassi
al limiting steps (nar-row pla
es), but by rea
tions that may be absolutelydi�erent. The simplest example of this kind is an ir-reversible 
atalyti
 
y
le: the stationary rate is lim-ited by the slowest rea
tion (the smallest 
onstant),but the relaxation time is limited by the rea
tion
onstant with the se
ond lowest value (in order tobreak the weak ergodi
ity of a 
y
le two rea
tionsmust be eliminated).

6.4. Zero-one law for relaxation modes(eigenve
tors) and lumping analysisFor kineti
 systems with well-separated 
onstantsthe left and right eigenve
tors 
an be expli
itly es-timated. Their 
oordinates are 
lose to �1 or 0. Weanalyzed these estimates �rst for linear 
hains and
y
les (5) and then for general a
y
li
 auxiliary dy-nami
al systems (34), (36) (35), (37). The distri-bution of zeros and �1 in the eigenve
tors 
ompo-nents depends on the rate 
onstant ordering andmay be rather surprising. Perhaps, the simplest ex-ample gives the asymptoti
 equivalen
e (for k�i �ki; ki+1) of the rea
tion networkAi $ Ai+1 ! Ai+2with rate 
onstants ki, k�i and ki+1 to the rea
tionnetwork Ai+1 ! Ai ! Ai+2 with rate 
onstants k�i(for the rea
tionAi+1 ! Ai) and ki+1ki=k�i (for therea
tion Ai ! Ai+2) presented in in Subse
. 2.9.For rea
tion networks with well-separated 
on-stants 
oordinates of left eigenve
tors li are 
loseto 0 or 1. We 
an use the left eigenve
tors for 
o-ordinate 
hange. For the new 
oordinates zi = li
(eigenmodes) the simplest equations hold: _zi = �izi.The zero-one law for left eigenve
torsmeans that theeigenmodes are (almost) sums of some 
omponents:zi =Pi2Vi 
i for some sets of numbers Vi. Many ex-amples, (6), (38), (51), (54), demonstrate that someof zi 
an in
lude the same 
on
entrations: it may bethat Vi \ Vj 6= ? for some i 6= j. Aggregation ofsome 
omponents (possibly with some 
oeÆ
ients)into new group 
omponents for simpli�
ation of ki-neti
s is the major task of lumping analysis.Wei and Kuo studied 
onditions for exa
t (Wei &Kuo (1969)) and approximate (Kuo & Wei (1969))linear lumping. More re
ently, sensitivity analysisand Lie group approa
h were applied to lumpinganalysis (Li & Rabitz (1989); Toth, Li, Rabitz, &Tomlin (1997)), and more general nonlinear formsof lumped 
on
entrations are used (for example,zi 
ould be rational fun
tion of 
). The power oflumping using a time-s
ale based approa
h wasdemonstrated by Whitehouse, Tomlin, & Pilling(2004). This 
omputationally 
heap approa
h 
om-bines ideas of sensitivity analysis with simple anduseful grouping of spe
ies with similar lifetimes andsimilar topologi
al properties 
aused by 
onne
-tions of the spe
ies in the rea
tion networks. Thelumped 
on
entrations in this approa
h are simplysums of 
on
entrations in groups.Kineti
s of multis
ale systems studied in thispaper and developed theory of dynami
 limitation34



demonstrates that in multis
ale limit lumping anal-ysis 
an work (almost) exa
tly. Lumped 
on
entra-tions are sums in groups, but these groups 
an in-terse
t and usually there exist several interse
tions.6.5. Nonequilibrium phase transitions in multis
alesystemsFor ea
h zero-one law spe
i�
 sharp transitionsexist: if two systems in a one-parametri
 family havedi�erent zero-one steady states or relaxation modes,then somewhere between a point of jump exists. Of
ourse, for given �nite values of parameters this willbe not a point of dis
ontinuity, but rather a thin zoneof fast 
hange. At su
h a point the dominant sys-tem 
hanges. We 
an 
all this 
hange a nonequilib-rium phase transition. Here we identify a \multis
alenonequilibrium phase" with a dominant system.A point of phase transition 
an be a point wherethe order of parameters 
hanges. But not every
hange of order 
auses the 
hange of dominantsystems. On the other hand, 
hange of order ofsome monomials 
an 
hange the dominant systemeven if the order of parameters persists (examplesare presented in previous se
tion). Evolution of aparameter{dependent multis
ale rea
tion network
an be represented as a sequen
e of sharp 
hangeof dominant system. Between su
h sharp 
hangesthere are periods of evolution of dominant systemparameters without qualitative 
hanges.7. Limitation in modular stru
ture andsolvable modules7.1. Modular limitationThe simplest one-
onstant limitation 
on
ept 
an-not be applied to all systems. There is another verysimple 
ase based on ex
lusion of \fast equilibria"Ai 
 Aj . In this limit, the ratio of rea
tion 
on-stantsKij = kij=kji is bounded, 0 < a < Kij < b <1, but for di�erent pairs (i; j); (l; s) one of the in-equalities kij � kls or kij � kls holds. (One usually
alls theseK \equilibrium 
onstant", even if there isno relevant thermodynami
s.) Ray (1983) dis
ussedthat 
ase systemati
ally for some real examples. Of
ourse, it is possible to 
reate the theory for that
ase very similarly to the theory presented above.This should be done, but it is worth to mention nowthat the limitation 
on
ept 
an be applied to anymodular stru
ture of rea
tion network. Let for the

rea
tion networkW the set of elementary rea
tionsR is partitioned on some modules: R = [iRi. We
an 
onsider the related multis
ale ensemble of re-a
tion 
onstants: let the ratio of any two rate 
on-stants inside ea
h module be bounded (and sepa-rated from zero, of 
ourse), but the ratios betweenmodules form a well separated ensemble. This 
anbe formalized by multipli
ation of rate 
onstants ofea
h module Ri on a time s
ale 
oeÆ
ient ki. If weassume that ln ki are uniformly and independentlydistributed on a real line (or ki are independentlyand log-uniformly distributed on a suÆ
iently largeinterval) then we 
ome to the problem of modularlimitation. The problem is quite general: des
ribethe typi
al behavior of multis
ale ensembles for sys-tems with given modular stru
ture: ea
hmodule hasits own time s
ale and these time s
ales are well sep-arated.Development of su
h a general theory is outsidethe s
ope of our paper, and here we just �nd buildingblo
ks for the future theory, solvable rea
tion mod-ules. There may be many various 
riteria of sele
-tion the rea
tion modules. Here are several possible
hoi
es: individual rea
tions (we developed the the-ory of multis
ale ensembles of individual rea
tionsin this paper), 
ouples of mutually inverse rea
tions,as we mentioned above, a
y
li
 rea
tion networks,... .Among the possible reasons for sele
tion the 
lassof rea
tion me
hanisms for this purpose, there is oneformal, but important: the possibility to solve thekineti
 equation for every module in expli
it analyt-i
al (algebrai
) form with quadratures.We 
all thesesystems \solvable".7.2. Solvable rea
tion me
hanismsLet us des
ribe all solvable rea
tion systems (withmass a
tion law), linear and nonlinear.Formally, we 
all the set of rea
tion solvable, ifthere exists a linear transformation of 
oordinates
 7! a su
h that kineti
 equation in new 
oordinatesfor all values of rea
tion 
onstants has the triangleform: daidt = fi(a1; a2; ::: ai): (75)This system has the lower triangle Ja
obian matrix� _ai=�aj .To 
onstru
t the general mass a
tion law systemwe need: the list of 
omponents, A = fA1; ::: Angand the list of rea
tions (the rea
tion me
hanism):35



Xi �riAi !Xk �rkAk; (76)where r is the rea
tion number, �ri; �rk are nonneg-ative integers (stoi
hiometri
 
oeÆ
ients). Formally,it is possible that all �k = 0 or all �i = 0. We allowsu
h rea
tions. They 
an appear in redu
ed modelsor in auxiliary systems.A real variable 
i is assigned to every 
omponentAi, 
i is the 
on
entration of Ai, 
 is the 
on
entra-tion ve
tor with 
oordinates 
i. The rea
tion kineti
equations are d
dt =Xr 
rwr(
); (77)where 
r is the rea
tion stoi
hiometri
 ve
tor with
oordinates 
ri = �ri � �ri, wr(
) is the rea
tionrate. For mass a
tion law,wr(
) = krYi 
�rii ; (78)where kr is the rea
tion 
onstant.Physi
ally, equations (77) 
orrespond to rea
tionsin �xed volume, and inmore general 
ase amultiplierV (volume) is ne
essary:d(V 
)dt = V Xr 
rwr(
):Here we study the systems (77) and postpone anyfurther generalization.The �rst example of solvable systems give the setsof rea
tions of the form�riAi ! Xk; k>i �rkAk (79)(
omponents Ak on the right hand side have highernumbers k than the 
omponent Ai on the left handside, i < k). For these systems, kineti
 equations(77) have the triangle form from the very beginning.The se
ond standard example gives the 
ouple ofmutually inverse rea
tions:Xi �iAi 
Xk �kAk; (80)these rea
tions have stoi
hiometri
 ve
tors�
, 
i =�i��i. The kineti
 equation _
 = (w+�w�)
 has thetriangle form (75) in any orthogonal 
oordinate sys-tem with the last 
oordinate an = (
; 
) =Pi 
i
i.Of 
ourse, if there are several rea
tions with propor-tional stoi
hiometri
 ve
tors, the kineti
 equationshave the triangle form in the same 
oordinate sys-tems.

The general 
ase of solvable systems is essentiallya 
ombination of that two (79), (80), with somegeneralization. Here we follow the book by Gorban,Bykov, & Yablonskii (1986) and present an algo-rithm for analysis of rea
tion network solvability.First, we introdu
e a relation between rea
tions \rthrea
tion dire
tly a�e
ts the rate of sth rea
tion"with notation r ! s: r ! s if there exists su
h Aithat 
ri�si 6= 0. This means that 
on
entration ofAi 
hanges in the rth rea
tion (
ri 6= 0) and therate of the sth rea
tion depends onAi 
on
entration(�si 6= 0). For that relation we use r ! s. For tran-sitive 
losure of this relation we use notation r �s (\rth rea
tion a�e
ts the rate of sth rea
tion"):r � s if there exists su
h a sequen
e s1; s2; ::: sq thatr ! s1 ! s2 ! ::: sq ! s.The hanging 
omponent of the rea
tion networkW is su
h Ai 2 A that for all rea
tions �ri = 0. Thismeans that all rea
tion rates do not depend on 
on-
entration of Ai. The hanging rea
tion is su
h ele-ment ofR with number r that r � s only if 
s = �
rfor some number �. An example of hanging 
ompo-nents gives the last 
omponent An for the trianglenetwork (79). An example of hanging rea
tions givesa 
ouple of rea
tions (80) if they do not a�e
t anyother rea
tion.In order to 
he
k solvability of the rea
tion net-workW we should �nd all hanging 
omponents andrea
tions and delete them from A and R, 
orre-spondingly. After that, we get a new system, W1with the 
omponent set A1 and the rea
tion setR1.Next, we should �nd all hanging 
omponents andrea
tions for W1 and delete them from A1 and R1.Iterate until no hanging 
omponents or hanging re-a
tions 
ould be found. If the �nal set of 
omponentsis empty, then the rea
tion network W is solvable.If it is not empty, then W is not solvable.For example, let us 
onsider the rea
tion me
ha-nism with A = fA1; A2; A3; A4g and rea
tions A1+A2 ! 2A3,A1+A2 ! A3+A4,A3 ! A4,A4 ! A3.There are no hanging 
omponents, but two hangingrea
tions, A3 ! A4 and A4 ! A3. After deletionof these two rea
tions, two hanging 
omponents ap-pear, A3 and A4. After deletion these two 
ompo-nents, we get two hanging rea
tions, A1 + A2 ! 0,A1 +A2 ! 0 (they 
oin
ide). We delete these rea
-tions and get two 
omponents A1, A2 without rea
-tions. After deletion these hanging 
omponents weobtain the empty system. The rea
tion network issolvable.An oriented 
y
le of the length more than two isnot solvable. For ea
h number of verti
es one 
an 
al-36




ulate the set of all maximal solvable me
hanisms.For example, for �ve 
omponents there are twomax-imal solvable me
hanisms of monomole
ular rea
-tions:(i) A1 ! A2 ! A4, A1 ! A4, A2 ! A3, A1 !A3 ! A5, A1 ! A5, A4 $ A5;(ii) A1 ! A2, A1 ! A3, A1 ! A4, A1 ! A5,A2 $ A3, A4 $ A5.It is straightforward to 
he
k solvability of theseme
hanism. The �rst me
hanism has a 
ouple ofhanging rea
tions, A4 $ A5. After deletion ofthese rea
tions, the system be
omes a
y
li
, of theform (79). The se
ond me
hanism has two 
ouplesof hanging rea
tions, A2 $ A3 and A4 $ A5.After deletion of these rea
tions, the system alsotransforms into the triangle form (79). It is im-possible to add any new monomole
ular rea
tionsbetween fA1; A2; A3; A4; A5g to these me
hanismswith preservation of solvability, and any solvablemonomole
ular rea
tion network with �ve reagentsis a subset of one of these me
hanisms.Finally, we should mention 
onne
tions betweensolvable rea
tion networks and solvable Lie algebras(Ja
obson (1979); de Graaf (2000)). Let us remindthat matri
es M1; :::Mq generate a solvable Lie al-gebra if and only if they 
ould be transformed simul-taneously into a triangle form by a 
hange of basis.The Ja
obian matrix for the mass a
tion law ki-neti
 equation (77) is:J = ��
i�
j� =Xr wrJr =Xrj wr
j Mrj ; (81)whereJr = 
r�>r diag� 1
1 ; 1
2 ; ::: 1
n� =Xj 1
jMrj ;Mrj = �rj
rej>; (82)�>r is the ve
tor row (�r1; ::: �rn), ej> is the jthbasis ve
tor row with 
oordinates ej>k = Æjk .The Ja
obian matrix (81) should have the lowertriangle form in 
oordinates ai (75) for all nonneg-ative values of rate 
onstants and 
on
entrations.This is equivalent to the lower triangle form of allmatri
es Mrj in these 
oordinates. Be
ause usuallythere are many zero matri
es among Mrj , it is 
on-venient to des
ribe the set of nonzero matri
es.For the rth rea
tion Ir = fi j�ri 6= 0g. The rea
-tion rate wr depends on 
i if and only if i 2 Ir. Forea
h i = 1; ::: n we de�ne a matrix

mri = 240; 0; ::: 
r|{z}i ::: 035 :The ith 
olumn of this matrix 
oin
ides with the ve
-tor 
olumn 
r. Other 
olumns are equal to zero. Forea
h r we de�ne a set of matri
esMr = fmri j i 2Irg, and M = [rMr. The rea
tion network W issolvable if and only if the �nite set of matri
esMgenerates a solvable Lie algebra.Classi�
ation of �nite dimensional solvable Lie al-gebras remains a diÆ
ult problem (de Graaf (2000)).It seems plausible that the 
lassi�
ation of solvablealgebras asso
iatedwith rea
tion networks 
an bringnew ideas into this �eld of algebra.8. Con
lusion: Con
ept of limitsimpli�
ation in multis
ale systemsIn this paper, we study networks of linear rea
-tions. For any ordering of rea
tion rate 
onstants welook for the dominant kineti
 system. The dominantsystem is, by de�nition, the system that gives us themain asymptoti
 terms of the stationary state andrelaxation in the limit for well separated rate 
on-stants. In this limit any two 
onstants are 
onne
tedby the relation� or�.The topology of dominant systems is rather sim-ple; they are those networks whi
h are graphs of dis-
rete dynami
al systems on the set of verti
es. Insu
h graphs ea
h vertex has no more than one out-going rea
tion. This allows us to 
onstru
t the ex-pli
it asymptoti
s of eigenve
tors and eigenvalues.In the limit of well separated 
onstants, the 
oordi-nates of eigenve
tors for dominant systems 
an takeonly three values: �1 or 0. All algorithms are repre-sented topologi
ally by transformation of the graphof rea
tion (labeled by rea
tion rate 
onstants). We
all these transformations \
y
les surgery", be
ausethe main operations are gluing 
y
les and 
utting
y
les in graphs of auxiliary dis
rete dynami
al sys-tems.In the simplest 
ase, the dominant system is de-termined by the ordering of 
onstants. But for suÆ-
iently 
omplex systems we need to introdu
e aux-iliary elementary rea
tions. They appear after 
y
legluing and havemonomial rate 
onstants of the formk& = Qi k&ii . The dominant system depends on thepla
e of these monomial values among the ordered
onstants.Constru
tion of the dominant system 
lari�esthe notion of limiting steps for relaxation. There is37



an exponential relaxation pro
ess that lasts mu
hlonger than the others in (44), (53). This is the slow-est relaxation and it is 
ontrolled by one rea
tion inthe dominant system, the limiting step. The limit-ing step for relaxation is not the slowest rea
tion, orthe se
ond slowest rea
tion of the whole network,but the slowest rea
tion of the dominant system.That limiting step 
onstant is not ne
essarily a re-a
tion rate 
onstant for the initial system, but 
anbe represented by a monomial of su
h 
onstants aswell.The idea of dominant subsystems in asymptoti
analysis was proposed by Newton and developed byKruskal (1963). A modern introdu
tion with somehistori
al review is presented by White (2006). Inour analysis we do not use the powers of small pa-rameters (as it was done by Vishik & Ljusternik(1960); Lidskii (1965); Akian, Bapat, & Gaubert(2004); Kruskal (1963); White (2006)), but operatedire
tly with the rate 
onstants ordering.To develop the idea of systems with well separated
onstants to the state of a mathemati
al notion, weintrodu
e multis
ale ensembles of 
onstant tuples.This notion allows us to dis
uss rigorously uniformdistributions on in�nite spa
e and gives the answersto a question: what does it mean \to pi
k a multi-s
ale system at random".Some of results obtained are rather surprising andunexpe
ted. First of all is the zero-one asymptoti
of eigenve
tors. Then, the good approximation toeigenve
tors does not give approximate eigenve
tors(the inverse situation is more 
ommon: an approx-imate eigenve
tor 
ould be far from the eigenve
-tor). The almost exa
t lumping analysis providedby the zero-one approximation of eigenve
tors hasan unexpe
ted property: the lumped groups for dif-ferent eigenvalues 
an interse
t. Rather unexpe
tedseems the 
hange of rea
tion sequen
e when we 
on-stru
t the dominant systems. For example, asymp-toti
 equivalen
e (for k�i � ki; ki+1) of the rea
tionnetwork Ai $ Ai+1 ! Ai+2 with rate 
onstantski, k�i and ki+1 to the rea
tion network Ai+1 !Ai ! Ai+2 with rate 
onstants k�i (for the rea
tionAi+1 ! Ai) and ki+1ki=k�i (for the rea
tion Ai !Ai+2) is simple, but surprising (Subse
. 2.9). And,of 
ourse, it was surprising to observe how the dy-nami
s of linear multis
ale networks transforms intothe dynami
s on �nite sets of reagent names.Now we have the 
omplete theory and the exhaus-tive 
onstru
tion of algorithms for linear rea
tionnetworks with well separated rate 
onstants. Thereare several ways of using the developed theory and

algorithms:(i) For dire
t 
omputation of steady states and re-laxation dynami
s; this may be useful for 
om-plex systems be
ause of the simpli
ity of thealgorithm and resulting formulas and be
auseoften we do not know the rate 
onstants for
omplex networks, and kineti
s that is ruledby orderings rather than by exa
t values ofrate 
onstants may be very useful;(ii) For planning of experiments and mining theexperimental data { the observable kineti
s ismore sensitive to rea
tions from the dominantnetwork, and mu
h less sensitive to other re-a
tions, the relaxation spe
trum of the domi-nant network is expli
itly 
onne
ted with the
orrespondent rea
tion rate 
onstants, andthe eigenve
tors (\modes") are sensitive tothe 
onstant ordering, but not to exa
t values;(iii) The steady states and dynami
s of the dom-inant system 
ould serve as a robust �rst ap-proximation in perturbation theory or as apre
onditioning in numeri
al methods.The developed methods are 
omputationally
heap, for example, the algorithm for 
onstru
tionof dominant system has linear 
omplexity (� num-ber of rea
tions). From a pra
ti
al point of view,it is attra
tive to use exa
t rational expressionsfor the dominant system modes (3), (34), (36) in-stead of the zero-one approximation. Also, we 
anuse exa
t formula (11) for irreversible 
y
le steadystate instead of linear approximation (13). Theseimprovements are 
omputationally 
heap and mayenhan
e a

ura
y of 
omputations.From a theoreti
al point of view the outlook ismore important. Let us answer the question: whathas to be done, but is not done yet? Three dire
tionsfor further development are 
lear now:(i) Constru
tion of dominant systems for the re-a
tion network that has a group of 
onstantswith 
omparable values (without relations �between them).We 
onsidered 
y
les with sev-eral 
omparable 
onstants in Se
. 2, but thegeneral theory still has to be developed.(ii) Constru
tion of dominant systems for rea
-tion networks with modular stru
ture. We 
anassume that the ratio of any two rate 
on-stants inside ea
hmodule be bounded and sep-arated from zero, but the ratios between mod-ules form a well separated ensemble. A rea
-tion network that has a group of 
onstantswith 
omparable values gives us an exampleof the simplest modular stru
ture: one module38



in
ludes several rea
tions and other modulesarise from one rea
tion. In Se
. 7 we des
ribeall solvable modules su
h that it is possibleto solve the kineti
 equation for every mod-ule in expli
it analyti
al (algebrai
) form withquadratures (even for non
onstant in time re-a
tion rate 
onstants).(iii) Constru
tion of dominant systems for nonlin-ear rea
tion networks. The �rst idea here isthe representation of a nonlinear rea
tion as apseudomonomole
ular rea
tion: if for rea
tionA+B ! ::: 
on
entrations 
A and 
B are wellseparated, say, 
A � 
B , then we 
an 
onsiderthis rea
tion as B ! ::: with rate 
onstantdependent on 
A. The relative 
hange of 
Ais slow, and we 
an 
onsider this rea
tionas pseudomonomole
ular until the relation
A � 
B 
hanges to 
A � 
B . We 
an assumethat in the general 
ase only for small fra
tionof nonlinear rea
tions the pseudomonomole
-ular approa
h is not appli
able, and this setof genuinely nonlinear rea
tions 
hanges intime, but remains small. For nonlinear sys-tems, even the realization of the limiting stepidea for steady states of a one-route me
ha-nism of a 
atalyti
 rea
tion is nontrivial andwas developed through the 
on
ept of kineti
polynomial (Lazman & Yablonskii (1988)).Finally, the 
on
ept of \limit simpli�
ation" willbe developed. For multis
ale nonlinear rea
tion net-works the expe
ted dynami
al behaviour is to beapproximated by the system of dominant networks.These networks may 
hange in time but remainsmall enough.This hypotheti
al pi
ture should give an answerto a very pra
ti
al question: how to des
ribe ki-neti
s far from the standard quasi-steady-state andquasiequilibrium approximations (S
hnell & Maini(2002)). We guess that the answer has the follow-ing form: during almost all time almost everything
ould be simpli�ed and the whole system behavesas a small one. But this pi
ture is also nonstation-ary: this small system 
hange in time. Almost always\something is very small and something is very big",but due to nonlinearity this ordering 
an 
hangein time. The whole system walks along small sub-systems, and 
onstants of these small subsystems
hange in time under 
ontrol of the whole systemstate. The dynami
s of this walk supplements thedynami
s of individual small subsystems.The 
orresponding stru
ture of fast{slow timeseparation in phase spa
e is not ne
essarily a smooth

slow invariant manifold, but may be similar to a\
razy quilt" and may 
onsist of fragments of var-ious dimensions that do not join smoothly or even
ontinuously.Appendix 1: Estimates of eigenve
tors fordiagonally dominant matri
es with diagonalgap 
onditionThe famous Gershgorin theorem gives estimatesof eigenvalues. The estimates of 
orrespondenteigenve
tors are not so well known. In the paperwe use some estimates of eigenve
tors of kineti
matri
es. Here we formulate and prove these esti-mates for general matri
es. Below A = (aij) is a
omplex n � n matrix, Pi = Pj;j 6=i jaij j (sums ofnon-diagonal elements in rows), Qi = Pj;j 6=i jajij(sums of non-diagonal elements in 
olumns).Gershgorin theorem (Mar
us & Min
 (1992),p. 146): The 
hara
teristi
 roots of A lie in the
losed region GP of the z-planeGP =[i GPi (GPi = fz �� jz � aiij � Pig: (83)Analogously, the 
hara
teristi
 roots of A lie in the
losed region GQ of the z-planeGQ =[i GQi (GQi = fz �� jz � aiij � Qig: (84)Areas GPi and GQi are the Gershgorin dis
s.Gershgorin dis
s GPi (i = 1; : : : n) are isolated, ifGPi \ GPj = ? for i 6= j. If dis
s GPi (i = 1; : : : n)are isolated, then the spe
trum of A is simple, andea
h Gershgorin dis
 GPi 
ontains one and only oneeigenvalue ofA (Mar
us &Min
 (1992), p. 147). Thesame is true for dis
s GQi .Below we assume that Gershgorin dis
s GQi (i =1; : : : n) are isolated, this means that for all i; jjaii � ajj j > Qi +Qj : (85)Let us introdu
e the following notations:Qijaiij = "i; jaij jjajj j = �ij  "i =Xl Æli! ;minj jaii � ajj jjaiij = gi: (86)Usually, we 
onsider "i and �ij as suÆ
iently smallnumbers. In 
ontrary, gi should not be small, (thisis the gap 
ondition). For example, if for any twodiagonal elements aii, ajj either aii � ajj or aii �ajj , then gi & 1 for all i.39



Let �1 2 GQ1 be the eigenvalue of A (j�1 � a11j <Q1). Let us estimate the 
orrespondent right eigen-ve
tor x(1) = (xi): Ax(1) = �1x(1). We take x1 = 1and write equations for xi (i 6= 1):(aii � a11 � �1)xi + Xj; j 6=1;i aijxj = �ai1; (87)where �1 = �1 � a11, j�1j < Q1.Let us introdu
e new variables~x = (~xi); ~xi = xi(aii � a11) (i = 2; : : : n):In these variables,�1� �1aii � a11� ~xi + Xj; j 6=1;i aijajj � a11 ~xj = �ai1;(88)or in matrix notations: (1 � B)~x = �~a1, where ~a1is a ve
tor 
olumn with 
oordinates ai1. be
ause ofgap 
ondition and smallness of "i and �ij we �ij we
an 
onsider matrix B as a small matrix, for assumethat kBk < 1 and (1�B) is reversible (for detailedestimate of kBk see below).For ~x we obtain:~x = �~a1 �B(1�B)�1~a1; (89)and for residual estimatekB(1�B)�1~a1k � kBk1� kBkk~a1k: (90)For eigenve
tor 
oordinates we get from (89):xi = � ai1aii � a11 � (B(1� B)�1~a1)iaii � a11 (91)and for residual estimatej(B(1�B)�1~a1)ijjaii � a11j � kBk1� kBk k~a1kjaii � a11j : (92)Let us give more detailed estimate of residual. Forve
tors we use l1 norm: kxk = P jxij. The 
orre-spondent operator norm of matrix B iskBk = maxkxk=1 kBxk �Xi maxj jbij j:With the last estimate for matrix B (88) we �nd:jbiij � Q1jaii � a11j � "1g1 � "g ;jbij j = jaij jjajj � a11j � �ijgj � �g (i 6= j); (93)where " = maxi "i, � = maxi;j �ij , g = mini gi. Byde�nition, " � �, and for all i; j the simple estimateholds: jbij j � "=g. Therefore, kBxk � n"=g and,kBk=(1� kBk) � n"=(g�n") (under 
ondition g >

n"). Finally, k~a1k = Q1 and for residual estimate weget: ����xi + ai1aii � a11 ���� � n"2g(g � n") (i 6= 1): (94)More a

urate estimate 
an be produ
ed from in-equalities (93), if it is ne
essary. For our goals it issuÆ
ient to use the following 
onsequen
e of (94):jxij � �g + n"2g(g � n") (i 6= 1): (95)With this a

ura
y, eigenve
tors of A 
oin
ide withstandard basis ve
tors, i.e. with eigenve
tors of di-agonal part of A, diagfa11; : : : anng.Appendix 2: Time separation and averagingin 
y
lesIn Se
. 2 we analyzed relaxation of a simple 
y
lewith limitation as a perturbation of the linear 
hainrelaxation by one more step that 
loses the 
haininto the 
y
le. The rea
tion rate 
onstant for thisperturbation is the smallest one. For this analysis weused expli
it estimates (5) of the 
hain eginve
torsfor rea
tions with well separated 
onstants.Of 
ourse, one 
an use estimates (34), (35) (36)and (37) to obtain a similar perturbation analysisfor more general a
y
li
 systems (instead of a linear
hain). If we add a rea
tion to an a
y
li
 system(after that a 
y
le may appear) and assume thatthe rea
tion rate 
onstant for additional rea
tion issmaller than all other rea
tion 
onstants, then thegeneralization is easy.This smallness with respe
t to all 
onstants is re-quired only in a very spe
ial 
ase when the addi-tional rea
tion has a form Ai ! Aj (with the rate
onstant kji) and there is no rea
tion of the formAi ! ::: in the non-perturbed system. In Se
. 7and Appendix 1 we demonstrated that if in a non-perturbed a
y
li
 system there exists another rea
-tion of the form Ai ! ::: with rate 
onstant �i, thenwe need inequality kji � �i only. This inequality al-lows us to get the uniform estimates of eigenve
torsfor all possible values of other rate 
onstants (underthe diagonally gap 
ondition in the non-perturbedsystem).For substantiation of 
y
les surgery we need addi-tional perturbation analysis for zero eigenvalues. Letus 
onsider a simple 
y
le A1 ! A2 ! ::: ! An !A1 with rea
tion Ai ! ::: rate 
onstants �i. We adda perturbation A1 ! 0 (from A1 to nothing) withrate 
onstant ��1. Our goal is to demonstrate that40



the zero eigenvalue moves under this perturbationto �0 = ��w�(1 + �w), the 
orrespondent left andright eigenve
tors r0 and l0 are r0i = 
�i (1+�ri) andl0i = 1+�li, and �w, �ri and �li are uniformly smallfor a given suÆ
iently small � under all variationsof rate 
onstants. Here, w� is the stationary 
y
lerea
tion rate and 
�i are stationary 
on
entrationsfor a 
y
le (11) normalized by 
onditionPi 
�i = 1.The estimate �w� for ��0 is �-small with respe
t toany rea
tion of the 
y
le: w� = �i
�i < �i for all i(be
ause 
�i < 1), and �w� � �i for all i.The kineti
 equation for the perturbed system is:_
1 = �(1 + �)�1
1 + �n
n;_
i = ��i
i + �i�1
i�1 (for i 6= 1): (96)In the matrix form we 
an write_
 = K
 = (K0 � �k1e1e1>)
; (97)where K0 is the kineti
 matrix for non-perturbed
y
le. To estimate the right perturbed eigenve
tor r0and eigenvalue �0 we are looking for transformationof matrix K into the form K = Kr � �re1>, whereK is a kineti
 matrix for extended rea
tion systemwith 
omponents A1; :::An, Krr = 0 andPi ri = 1.In that 
ase, r is the eigenve
tor, and � = ��r1 isthe 
orrespondent eigenvalue.To �nd ve
tor r, we add to the 
y
le new rea
tionsA1 ! Ai with rate 
onstants ��1ri and subtra
t the
orrespondent kineti
 terms from the perturbationterm �e1e1>
. After that, we get K = Kr � �re1>with � = �k1 and(Kr
)1 = �k1
1 � �k1(1� r1)
1 + kn
n;(Kr
)i = �ki
i + �k1ri
1 + ki�1
i�1 for i > 1(98)We have to �nd a positive normalized solution ri >0,Pi ri = 1 to equation Krr = 0. This is the �xedpoint equation: for every positive normalized r thereexists unique positive normalized steady state 
�(r):Kr
�(r) = 0, 
�i > 0,Pi 
�i (r) = 1. We have to solvethe equation r = 
�(r). The solution exists be
ausethe Brauer �xed point theorem.If r = 
�(r) then kiri � �k1rir1 = ki�1ri�1. Weuse notation w�i (r) for the 
orrespondent station-ary rea
tion rate along the \non-perturbed route":w�i (r) = kiri. In this notation, w�i (r) � �riw�1(r) =w�i�1(r). Hen
e, jw�i (r)�w�1(r)j < �w�1(r) (or jkiri�k1r1j < �k1r1). Assume � < 1=4 (to provide 1�2� <1=(1� �) < 1 + 2�). Finally,ri = 1ki 1 + �iPj 1kj = (1 + �i)
�i (99)

where the relative errors j�ij < 3� and 
�i =
�i (0) is the normalized steady state for the non-perturbed system. For 
y
les with limitation, ri �(1 + �i)klim=ki with j�ij < 3�. For the eigenvaluewe obtain�0 = ��w�1(r) = ��w�i (r)(1 + &i)= ��w�(1 + �) = ��ki
�i (0)(1 + �) (100)for all i, with j&ij < � and j�j < 3�. j�j < 3�.Therefore, �0 is �-small rate 
onstant ki of the non-perturbed 
y
le. This implies that �0 is �-small withrespe
t to the real part of every non-zero eigenvalueof the non-perturbed kineti
 matrix K0 (for givennumber of 
omponents n). For the 
y
les from mul-tis
ale ensembles these eigenvalues are typi
ally realand 
lose to �ki for non-limiting rate 
onstants,hen
e we proved for �0 even more than we need.Let us estimate the 
orrespondent left eigenve
torl0 (a ve
tor row). The eigenvalue is known, hen
eit is easy to do just by solution of linear equations.This system of n� 1 equations is:� l1(1 + �)k1 + l2k1 = �0l1� liki + li+1ki = �0li; i = 2; :::n� 1: (101)For normalization, we take l1 = 1 and �nd:l2 = ��0k1 + 1 + �� l1; li+1 = ��0ki + 1� li i > 2:(102)Formulas (99), (100) and (102) give the ba
kgroundsfor surgery of 
y
les with outgoing rea
tions. Theleft eigenve
tor gives the slow variable: if there aresome in
omes to the 
y
le, then_
1 = �(1 + �)�1
1 + �n
n + �1(t);_
i = ��i
i + �i�1
i�1 + �i(t) (for i 6= 1) (103)and for slow variable e
 =P li
i we getde
dt = �0e
+Xi li�i(t): (104)This is the kineti
 equation for a glued 
y
le. Inthe leading term, all the outgoing rea
tions Ai ! 0with rate 
onstants k = �ki give the same eigenvalue��w� (100).Of 
ourse, similar results for perturbations of zeroeigenvalue are valid for more general ergodi
 
hemi-
al rea
tion network with positive steady state, andnot only for simple 
y
les, but for 
y
les we get sim-ple expli
it estimates, and this is enough for ourgoals.A
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